A pattern exists......

Mathematics language <N> Relationships
Relationships <N> Correlations
Correlations <N> Quantum Mechanics

Quantum Mechanics <N> Mathematics language

The reality of this pattern will become clear as we proceed
through the class.



The Mathematics Of Quantum Mechanics

Remembering High School
“directed line segment”

Vector = (2 numbers on paper = number of dimensions of plane)

or in general, Vector = (3 numbers = number of dimensions)

Multiplication by a scalar(number)

.
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subtract



Generalize —> extend idea to a general linear combination of vectors

C="A+#B

41//'

coefficients are real numbers

—> still a vector!

This way of thinking works for macroworld vectors.

But we must generalize further for in order to deal with the microworld.

| am drawing pictures in the real 3-dimensional world here!



The Space of Physics

In this world: vector = 3 numbers (3 = dimension of world)

Location in space (relative to an origin) = 3 numbers —> radius vector (see below)

- define 3 special vectors (called a basis)

él,ézA ]\,k\ S/\’z

They are unit vectors (length=1) and define Right-Handed coordinate system (as shown)

r = (ZU,y,Z) — ( 331,332,5133)
(XY.2)=(X; X5 .X) . . .
F = xP+ yP+ zR = x16; + X268, + X363

vector addition

r = “" = X2 + y2 + 72 by Pythagoras




Go to 2 dimensions (for drawing simplicity) !

6, = unit(length =1) vector in x — direction

6, = unit(length =1) vector in y! direction

multiply by a scalar

A, 6, = vector of length A, in the x! direction

Ay 6, = vector of length Ay inthe y! direction

= any vector can
> A=A_é, + Ayéy by vector addition —> be written in

terms of a basis

Now for some simple trigonometry - just definitions

A, = Acosa

A = Asin o com-pc_)_nents = projectiops or
’ Y definitions of sines/cosines

A=A +A,8 , B=B,g+B,q

now just work with
A+ B = (Ax + By) & + (A, + By) &, components

tip-to-tail idea
Al B=(As! Byé +(A,! By)d,  eliminated;itis

too confining!



More Generalizations - More Thinking about vectors

old A= Aé, + A, new |V! = (v, V) Dirac language
> Al = (Ax, Ay) removes unit vectors
addition If V1) =(7,—2) and |V5) = (-5,3)

then the sum |V) = |V;) + |Vo) = (7T+ (=5),(—2) +3) =(2,1)  adding components as before!

difference If |[Vil =(7," 2) and |Vo! =(" 5,3)

then the di! erence V! = [Vi!" |Vl =(7 " (" 5),(" 2)" 3)=(12," 5)

length If |V!=(vy,Vv,)thenlength V= v+ v2

Assuming
A new operation and the generalized length real components:
—> Euclidean vectors
If [V!I=(ve,v2) , |U!'=(ug,up), then 'V |U" = vius + Vouy
ladald = bra-c-ket or braket symbol due to Dirac

(V|V) =viv1 +vov2 = U% + v§ = (length)2

length = IV |V"= vZ+vs 'V |V"# O



3 dimensions V) = (vi,v2,v3) , |U) = (u1,us,us)

5 . |3
SOA = ALt Art Azt Ag+ A SUMMALON gy gk vpup  vsus = v
- symbol 1

| # % 9%
length= IV |V" = wvivi + Vovp + V3v3 = Ve
k=1

More than 3 dimensions(not in Kansas anymore, Toto) can no longer visualize(draw pictures)

VI =(vy,Vo,....;Vn) , |Ul'=(uq,us,....,Up)
!ﬂ
IV |U" = viug + Voup + adé vau, = Vi Uk
k=1
| ” - L
length = IV |V"= wvivi+ Vovo + A4é vV, = Ve
k=1

braket = scalar or inner product



Generalization - components are now complex numbers can no longer visualize vectors in
real space

Digression on complex numbers

=11 _ i3=1i, i%=+1 , i°=i,i%=11 ., andsoor definition of i

Z= a+ bi

definition of complex number
a =real part b=imaginary part

definition of addition (7+41))+(! 2+91)=5+131

(7+41)(=2+9)=(7)(-2)+(7)ODN+@1)(—2)+41)9)
= —14+63¢ — 8 — 36 = —50 + 55

definition of multiplication

complex conjugate .
P Jjug g — b

absolute value

2] = 2"z = (a — bi)(a + bi) = a® + b

z|= a2+ P



braket becomes  (V |U) = viuy + vius + -+ vjv, = » viur  (same as before if reall)

% #
| 4 % .
» length = 1V |V"= % Vi Vg = % Vi |2 (same as before if reall)
k=1 k=1

Vectors in QM = Euclidean vectors with complex components
(exist in a Hilbert space)

Basis vectors . . .
new representation for old unit basis vectors

2 dimensions =1,00" & , |21=(0,1)" &

2-tuples
no longer a valid picture when
3 dimensions 3-tuples components are complex;

just suggestive!!
1'=(1,00) , |22=(0,1,0) , |3 =(0,01)

clearly length = 1 and they are perpendicular
or orthogonal as we will see shortly

called ORTHONORMAL set



Vector Space = collection of vectors (where if we add any two together => another vector in
collection) with a scalar product defined

Can write any vector in terms of basis <—> orthonormal set (perpendicular + unit length)
V) = (v1,v2) = v1(1,0) +v2(0,1) = vy 1) + v2 |2) vi = component of vector in 1-direction

Using rules for evaluating the scalar product

1111"=(1,0)a1,0) = (D)D) +(0)0)=1 1]2°=(1,0)a(0,1) = (1)(0) +(0)(1) =0
(2]11)=(0,1)a(1,00=0)(1)+(1)O)=0  (2/2)=(0,1)a(0,1) =(0)(0) +(1)(1) =1

A[V) =vi (1[1) +02(1]2)  2]V) =01 (2|1) +v2(2]2)

» 11|V =v;  12|V"= v,

Component of vector in particular direction(along basis vector) given by scalar
product of vector with corresponding basis vector. Remember component =
projection on vector in real world! But, in Hilbert space it is a “braket”.

Thus, we can always write
VI="1|V!IH|1 + "2|V!]|2



Orthogonality First - Remember High School

V=(7,4 %=@1,0) , %=(0,1) » V =7d&+4y
Define “dot” prod uct: (dot product in real space = bracket in Hilbert space)
AaB = AB,+A,B, =!A|B"
components 7T=vw=6a&V , 4=v, =§av B
- . origin:(0,0)/
length VZ+ V2= 65
We note that whole mess
7= v, = & &V = length(&) ! length(V)! b just multiplies
length(V) by 1
=1
Vy . . i
= cosine of angle betweerVV and X  trigonometry
length (V)

> A aB = AB cos"

general result for regular vectors



¥ aw = length(®) ! length(®)cos(0)=1 & &p= length(®)! length($)cos(90) =0
—-> Basis vectors are orthonormal! = orthogonal + normalized to 1

Generalize to any type of components

IA|B" = AB cos( g ) “orthonormality” clear!

no simple geometric picture possible (as with real components);
angle not geometric angle

.. ‘1n=m
In|m" = !tyy = definition of Kronecker Delta
O n# m
!1|1": 111 =1 —-> length =1
1112"=11,=0 —-> orthogonal
12]1"=151=0 —-> orthogonal
12]12"=155=1 —->length =1

“orthonormality clear!”



Need one last mathematical object - completely new - Matrices

m x n matrix is m x n array (m rows and n columns) of numbers (= matrix elements) with
a well-defined set of associated mathematical rules.

For example, matrices shown below

2 5 5 2 5
5 2 elements 2 elements 13 10 4 elements
2 x 1 matrix (column vector) 1 x 2 matrix (row vector) 2 x 2 matrix
2 5 11 2 5 18 15
13 10 5 AT 1310 * BT 7 4
2 x 3 matrix 2 2 x 2 matrices (note boldface)
addition = add elements
A+B = 2)+(!'8 ((B)+(15 _ !'6 20

(13)+(7) (10)+@) ~ 4 14



matrix multiplication

2 5 18 15
AB= 1310 7 a4 °

(2)(! 8)+(3)(7)
(! 3)(! 8)+(10)(7)

general rule

by b
1 2

a1 a
A = 11 12 |
dp1 aAp2

B =

aijpbpr + ajohpy

AB:.all 6112. b1 b _
ap1b11 + Ay

ap; Ay by by

special matrices and matrix properties

g = identity matrix

detA = aj1axe ! apparx; = determinantof A

1 | . .
Al = Y Iagz aa12 = inverse matrix
. 21 11
—_—— AA 1 — A! lA —

(2)(15)+(O)4)  _
(! 3)(15) + (10)(4) 94

row-column labels

drow-number column-number

ai1bpp + ajohy
ap1 b2 + axolyo

19 50



a;q A
A: 11 12

“a;; a .
AT = %2 = yranspose matrix
dp1 a2 dijz a2
a;, a
A = It 7?1 = Hermitian conjugate matrix
CYP Y.
: . _ann ap
If A = A matrix = Hermitian A =

dp1 a2
_ _ Tr(A)= a1 + ax
f A =A'1 matrix = Unitary

sum over diagonal elements
all matrices in QM either Hermitian or Unitary

Putting it all together for us in QM
Start of Dirac language for QM
v

V! = = Oket" vector
V2

IV|= v; v, =Obra vector

All vectors now unit vectors

| n o -
1 ' u \ nmn
IV |U"= v V, ul = ViUp + VyUp = Obraket
2
matrix multiplication



Thinking about an object called an Operator

Operator is a mathematical object which acts on vector in vector space and results in another
vector in same vector space. Similar to a function with numbers y=f(x).

Example _ .
a a V
If A= SH T2 = Y
dp1 Ao Vo
_ | djp a2 | Vi _ | AV + apVe | U, _
we have AlV!= = N = = |U!
dp1 Adp2 V2 dp1Vi T aAxaVo Uo
th _ ann a2 _ t :
dp1 A2

Operators very important because

observables or measurable quantities represented in QM
by Hermitian operators(matrices)

and

transformations or physical changes of vectors
represented in QM by Unitary operators (matrices).



Properties of operators - © (note: boldface + hat)

Definition : nm - Matrix element
Onm = !'n|O |m"

Matrix representation —-> array of matrix elements using a basis set

o = 1110 1" 110 [2" _ " on 01
1210 1" 12|02 Op1 02
Detalils:
Assume that O|ll=|g , O|2 = |r! then
o1 = 11O 1" = 11]|r" 0= 1110 2"= 11|q"
01 = 12101 = 12|q" 0 = 12|@ 2" = 12]r"

—-> Matrix elements are just brackets!!



Special case:

f  R|V!I=a|V! (i.e., get same vector back) then

V! called an eigenvector of operator R with eigenvalue @

For Hermitian operators, used for observables in QM, set of eigenvectors always forms an
orthonormal basis - called a complete set —> will be very useful property!.

If basis used to calculate matrix representing an operator is the set of eigenvectors of
operator, i.e., if

O|ll=0,]1! , OJ2 = 0|2 > {01, 0.} = eigenvalues
011= 11O [1"= 0,11]1"= o 01 = 120 ]1"= 0,12]1" =0
02=11]0O|2"= 0,!1|2" =0 0 =12/02"=0,!2|2" = 0,

o- ‘UG 162" "o 0

1216 1" 12102 0 o

Matrix representation using operator’s eigenvectors is
diagonal matrix with nonzero elements = eigenvalues on

the diagonal).

For general basis vectors(not eigenvectors), matrix
representing operator is generally not diagonal.



Alternate method for representing operators uses the “ket” and “bra” vectors.

Consider the quantity

Pig = [f!"g| Called a “ket-bra”.
— Ptg [VI=([f!"g]) VI ="g|V!|f!= number# |f! —> |t is an operator!
Notice we used the rule:  (Mf)(|f") = !f |f" for simplicity
Py = |fI"f] = projection operator

P (V) =(HSDIV)=fIV)I|f)  “projects” onto [f! —> resultis now in that direction!

Picture drawn in an
abstract space
called a Hilbert

Space

projectionof |IV>on | f>



-1 nN=m

Now consider basis vectors:  {In'}, n=1,2,3,......,N Infm" =1y =
O N# m
{set}
We have: —> orthonormal
(kMK k]) = [kI"k kK] = |k!"Kk|]  —> member of set
—_——> PE — Pk
Now Pe n! = (k!"K[) |n! = [k!"k [n! = "k [n! |k!
Since lk|n"=0 k#n 'k|n"=1 k=n basis vectors
k! n=KkK P, |kl = +1 |k! = |K!
Thus: Pk In! = 1) C — | =
= Peln? k)=0|n7 k) =0

— eigenvalues of Px are 0,1

Another way

PZ|n! = Py |n!
(P! PO In"=0

Pc(1! Py)In"=0 —— eigenvaluesof Py are0,1

Now for some useful properties needed for
derivations and examples of use of new language.



Let us learn to use new language by doing algebra with it ......

| N

Consider the operator k! K| —> sum of projection operators
k=1

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)

VI = "1V + "2| V! |2

or | 2
VI = "k V! |k!
k=1
so in n dimensions we have(2 terms in sum —-> n terms)

!H
VI = "kK|V!|K!
k=1
Now

(Zlk!"'d) VI= (kKD [VE= DY "k [ VKD = |V
k=1 k=1 k=1

operates on vector returns same vector

! I .
— k!"k| = ¢ Will be very important!
k=1

Technical term: It is a representation of the identity



Definition: Expectation Value of operator 10" = V| O V"
Very important object!!

Will turn out to be the average value of an observable from a set of measurements on a
set of identical systems in state |V! . Let us see how.

First, we need an alternative representation of an operator (also good algebra practice)

Let @ be a Hermitian operator with eigenvectors and eigenvalues given by the equation

) b  =eigenvalues
Blh!=hlb! k=1,23 ...n
b! = eigenvectors

R  hermitan — |b! are an orthonormal basis so that !B |G " = !;

Nn

|
Then B=BP=B8B |b!"b| identity operator does not change anything

k=1
1 I

Blh!"b|= b |b!"b|  operator moves through summation
k=1 k=1

or

| N | N

so B-= b B! b = b P,

k=1 k=1
operator written in terms of eigenvalues and eigenvectors or projection operators



Examples of algebra with useful end results: Let us step through algebra.....

i 1nn

B2 = b [b! " bx|

Iln

B | ! b |
k=1 m =1
g in o
= bebm B! b [ B b | = BB (B! B | P km
k=1 m=1 k=1 m=1
| n |
= lb!"b using Aclvn = A
k=1 k
!” ) ![]
. 8= Hlbh . 8= "
k=1 k=1

Power series(definition):
!!

f(X)= ap+ agX + ayx? + azx° + 444 ay xX

k=0
Examples o x I iu ok
kI
k=0
3 1 ki 2k+1 , 2k+1
sin! x = ) R B G
(2k+1)!( )
k=0
I 1
cos! X = | 1)K 2Ky 2k



e!x:!! i!kxk x! O R e!éz!! E!kék
k! k!
k=0 k=0
In special case where ©2 = ¢ we do all algebra below
L
i'@ !! 1 . k Ak !! 1 ki1 k Ak . ] .. 1_22..2 1_33..3 1.44..4 L,
e = (O = Z(i)N1O" =0+i10+ =i2120%+ ~i%1%0% + Zi*140% + 4é
- K - K 2! 3! 4!
) R 1 . . 1, . where have used
=P+ilO! 120%1 i13@%+ —140% + 48
| 2! 3! 4! ic=11i°=1ii%*=+1 ...
:-1'51 £|2©2+ 1I4©4+ééé+i-l©| lI:”©‘°’+éléla'
TR Al E-Th where have used
0°=0%=0°%=44a¥f
= 9 %!21'5+ %!41'5+ééé+i 19 ! %!3©+ééé 6=0°=0%=4aa 0

=cos! P+ iO sin!
One of most powerful relations in QM

(original derivation for ordinary
functions by Euler in 16th century



n

In general, will need operator for an arbitrary function f(x) —> f(B) — Z f(by) |br) (by|
k=1
Definition commutator = [A,B] = AB — BA

ordinary numbers “commute” operators may not “commute”

This is mathematical property behind Heisenberg uncertainty principle.

Summarize useful properties:
V)y=wv1|1) +v2[2) , |U)=wu1l|l)+uz|2))
(V|U) = viuy + v3us

(UV) =uiv+uzve = (V|U)"



An interesting thought(this is how a theoretical physicist works or why | did all this algebra):

IR" = IV|B |V" expectation value
! N
eigenvectors = complete set = basis —> write V! = de |b! ., di = "b| V!
. k=1
Bib!=hblb! k=1,23 ...,n and ' can always do
V= d b this with any
K=1 basis set

Now more algebra practice:

Coun h ©oun - "n nn
B = d 'b| B A [On" = didm 'bc| B |b "
k=1 m=1 k=1 m=1

!H !H !H !H

. i | by [ " = i O Bm 1 [ b "
k=1 m=1 k=1 m=1
UL a H

= dy O o 'em = bodde = b [l 2

k=1 m=1 k=1 k=1



But, in general, if expectation value = average value, we must have

IR" = | (allowed value of B)# (Probability of that value)

allowed values

which is just the definition of the average value!! : :
we just derived

Comparing last two equations - we might guess

allowed values = eigenvalues In

18" = bd|?
and k=1
probability = square of component value

Now |dy|? = didk = (b |V") th [V" = [Th V"> = IV b !b | V"

This says that

I'b|V"|> = probability of observing value b, when in state |V!

Also says V| b [V" = V[P [V" these ideas will

i i : become postulates
= probability of observing value b in state |V P

= expectation value of the projection operator

That is all mathematics we will need to develop QM



As we worked through the mathematics

stating definitions,
defining notation,

doing derivations

and doing lots of algebra,

we have laid the ground work for the postulates of QM
(in some cases we have actually stated the postulated already).

We will not use any more mathematics than | have shown you already.

In fact, we will go over all this material again in class and
do lots more manipulation so you get used to the language.



