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Cosmology
When Ymir lived long ago
Was no sand or sea, no surging waves.
Nowhere was there earth nor heaven above.
But a grinning gap and grass nowhere.

Voluspa,1 about 1000 AD

1.1

General prin iples

Cosmology is a s ien e about the Universe as a whole. In a wider meaning, espe ially in the histori al ontext, there are in luded into the osmology also the philosophi al problems of the relations
between human beings and the world. However, here we will restri t the meaning of osmology to
the physi al osmology, whi h is based on astronomi al observations and physi al experiments and
theories. This does not mean that we an ignore in the osmology either the existen e of life or
the problems of the mind and the pro ess of the re ognition of the Universe. The later indi ate
the limitations of the ontemporary osmologi al theories and the former gives some restri tions to
physi ally plausible models via the so- alled anthropi prin iple, a ording to whi h from the variety
of all physi ally possible models of the Universe there are a eptable only those, whi h enable the
rise of human beings.2 In this sense, the osmology studies on the most general level the onditions
for the osmobiology, whi h, in turn, an be treated as one of its observational tests.
The de nition of the subje t of osmology indi ates its pe uliarity between the natural s ien es:
it deals with (by de nition) a single obje t; it is observational and theoreti al but by no means
experimental s ien e; in prin iple, it omprises all other s ien es. Another feature of osmology
(whi h is to some extent ommon to other empiri al s ien es also) is the interlink between the
observation and the theory: the theory should be based on the results of observations, however, the
orre t interpretation of the observations requires the proper theory.
The range of the spa e studied by the osmology was growing throughout its histori al evolution
proportionally to the size of the region rea hable by the ontemporary observational te hniques. The
experien e from these observations is then usually extrapolated to the spa e (and time) beyond these
limits. In this sense, it may seem to be exaggerated to take the results of osmology at any stage as
a given model of the whole Universe. However, modern physi s yields the insight into the laws of
nature whi h allows us to treat the results as more reliable than a mere assumption. Espe ially the
general theory of relativity, whi h gives a lose onne tion between the geometry of the spa e-time
and its matter ontent, allows us to judge (with limitations whi h are obvious) that our present
observations are approa hing the limits of the part of the Universe, whi h in prin iple is observable.
To be able to extrapolate to the whole Universe the results obtained from the astronomi ally
observable part of it (the so- alled Meta-galaxy) there is used an assumption named the Coperni an
prin iple. This an be formulated as: \The Earth does not have a privileged position in the Universe."
This prin iple is often repla ed by a more restri tive osmologi al prin iple, a ording to whi h: \The
Universe is (when averaging over a suÆ iently large area) homogeneous and isotropi ."
The above formulation (as well as the name) of the Coperni an prin iple re e ts the negation of
the former anthropo entri views on the Universe and should be understood in a more general sense
that there is no spe ial position (body) in the Universe at all, but for ea h one there exists another
one whi h is more or less equivalent.3 The osmologi al prin iple ould be (with many obsta les)
1 Translated by W.H. Auden and P.B. Taylor.
2 This ondition of existen e of an observer is thus

a sele tion e e t. Intuitively, the assumption of its appli ability
is the existen e of many universes, only some of whi h satisfy the onditions required for the rise of life. A possibility
of spontaneous reation of su h separated spa e-time regions as a quantum u tuation in a larger physi al spa e is
investigated in the framework of the quantum eld theory.
3 In the dis ussion of the onditions for life we shall see that the position of the Earth satis es several spe ial, but
not ex eptional onditions.
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tested observationally. The results of su h studies are not on lusive, so we have to take it as a
onje ture whi h implies the simplest osmologi al models.
Together with the assumption of the homogeneity of the Universe in time,4 the osmologi al
prin iple leads to inner ontradi tions, the so- alled osmologi al paradoxes. The best known is
the Kepler { Olbers paradox (named also the dark sky paradox), a ording to whi h the whole sky
should have the mean brightness of the surfa e of a star.5 This on lusion an be understood from
the viewpoint of thermodynami s as the thermodynami equilibrium of surfa es of stars with the
interstellar radiation.6 The Universe should approa h this equilibrium (the so- alled thermal death
of the Universe) also in the ase of violation of the homogeneity in time, like it would be in the ase
of rise of stars in a nite past.7
One possibility to solve the Kepler { Olbers paradox is by the so- alled hierar hi al osmologies
suggested by I. Kant. A ording to su h theories, the matter is on entrated into spatially isolated
lusters of di erent orders in su h a way, that ea h luster of a given order is an element of a higher
order luster.8 An example is the hierar hy atom { star { galaxy { luster of galaxies. The mean
density of mass is de reasing with the in reasing order of the luster. Hierar hi al models satisfy
the Coperni an prin iple, but violate the osmologi al prin iple. In nature, there may exist an even
more general fra tal stru ture of lustering, whi h in ludes both the homogeneous distribution as
well as the lustering, not only on integer but a ontinuous set of orders. Moreover, this generalized
hierar hi al stru ture need not be xed, but it an be subje ted to an evolution in time.

Figure 1: Four orders of 3-dim. Cantor dis ontinuum (the empty entral part of ea h interval is
slightly bigger than 31 in the gure).
4 If a violation of basi physi al prin iples of onservation is allowed, the stati state of the Universe must be
assumed as an additional ondition to its time homogeneity.
5 The reason is that the intensity of light is onstant along the ray and ea h ray should interse t the dis of some
star, be ause the solid angle spanned by a typi al star de reases with the square of its distan e, while the number of
stars in a spheri al shell of onstant thi kness in reases in the same rate. This argument was rst used by J. Kepler in
his Disertatio um Sidereus nun ius against Galileo's spe ulations about the in nite Universe of stars on luded from
his dis overy of stellar onsisten e of the Milky Way. Just Kepler formulated some time before the law of de rease
of the radiative ux with the square of distan e. This law was an inspiration for Newton's gravitation law, from
whi h, however, an analogous gravitational paradox an be onstru ted. Olbers redis overed the opti al paradox as
an analogue to the gravitational one.
6 The obs uration of distant stars, whi h is really observed, seemed to be the solution of the dark sky paradox.
However, the thermodynami arguments show that the old louds should be heated soon and start glowing.
7 Su h an explanation is sometimes laimed to be an alternative explanation to the Big-bang model. However,
without the Big-bang, the syn hronous ignition of stars in a nite past is unphysi al and only temporarily helping,
while in the Big-bang models the thermodynami equilibrium was originally valid with the radiative temperature
gradually de reasing, and only later a rise of stars ontributed to a reheating of the intervening matter.
8 A mathemati al model of su h a on guration is the set of points, the oordinates of whi h an be written in
10i , where i = +1; 0; 1. The same on guration of the points around the interval h 1; 1i
the form x = 1
i= 1 i
is then repeated aground h9; 11i, but there is an empty spa e in h2; 8i. The set is self-similar on all de imal s ales.
Another example is the Cantor dis ontinuum, whi h is self-similar on the s ales of integer powers of 3, and on ea h
s ale the entral third of the hara teristi interval is empty.
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1.2

Relativisti

osmology

A qualitatively new insight into osmology has been opened by general relativity whi h repla ed the
study of distribution and motion of matter in a xed Eu lidean spa e by a non-Eu lidean geometry
of the spa e-time. The matter (either parti les or elds) moves in a urved spa e-time like in a at
Minkowskian spa e-time whi h is its lo ally tangent spa e (e.g. free parti les move on geodeti s) but
at the same time the stress-energy tenzor of the matter produ es the urvature of the spa e-time
a ording to the Einstein eld equations9
(1)
R 21 gR g = 8GT :
This so- alled geometrodynami s thus mutually ausally onne ts the spa e-time geometry with the
distribution and motion of the mass and enables thus the osmology to study the whole spa e of the
Universe as an attribute of the matter.10 A.A. Friedmann and W. Robertson showed that following
the osmologi al prin iple, the Universe must have in a xed time the geometry of spa e with onstant
urvature (the so- alled Friedmann { Robertson { Walker models of the Universe).11 The urvature
of the spa e an be either positive or zero or negative, and an be hara terized by the index of
urvature k = +1; 0; 1, a ordingly. The ase k = 0 orresponds to the Eu lidean geometry of at
spa e (the ir umferen e of any ir le with radius r reads o = 2r; the so alled Einstein { de Sitter
model). The ase k = 1 orresponds also to an in nite (open) universe, however, the geometry
of the spa e is that of a saddle surfa e (o > 2r). Finally, in the ase k = +1 the spa e has the
geometry of a supersphere (o < 2r) and has a nite volume (it is losed; both ases k = 1 are
alled Friedmann { Lema^tre models) { see Fig. 2. If we introdu e generalized spheri al oordinates

Figure 2: The geometry of homogeneous isotropi spa es.

f; #; 'g in the spa e, the metri of the spa e-time will be given by the spa e-time interval12
ds2 =

2

dt2

where

R2 (t)[d2 + 2 ()(d#2 + sin2 #d'2 )℄ ;

+1
(3)
 sinh 
 01 ;
and R is a time-dependent radius of urvature of spa e (or a s aling fa tor in the ase k = 0). From
the Einstein eld equations, there follow equations of motion for the geometry of spa e ( hara terized
by R) and for the density of mass
2
8G
R_ 2 k 2
+

(4)
R2 R2
3 = 3 ;
9 In units = 1, R are the omponents of Ri i tenzor { for details see the le tures on general relativity.
10
() =

sin 

(2)



for

;



k=

In this respe t the general relativity satis es the Ma h's prin iple , a ording to whi h the inertial systems are
priviledged owing to their non-a elerated motion with respe t to the distribution of mass in the Universe.
11 It means that the four-dimensional spa e-time, whi h a ording to the spe ial relativity is lo ally invariant to the
Lorentz transformation, an be sli ed by a spe ial hoi e of the proper time t of osmi matter into a set of threedimensional spa es, whi h are homogeneous and isotropi , and their geometry has the same urvature everywhere in
spa e and is dependent on t only.
12 The same spa e-time geometry is used to be alternatively expressed also in other oordinate systems { f. exer ise 1.
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2R + R_ 2 + k

8G P ;
2

=
(5)
2
R
where G is the gravitational onstant and is the speed of light. The omponents of the stress-energy
tensor of the matter in the universe, the mass density , and the pressure P , are fun tions of time t
only, and there follows for them from Eqs. (4) and (5) the equation of ontinuity of mass-energy,13
R2

2

R2

d 2 3
dR3
(
 R )+P
dt
dt

=0:

(6)

The rst term an be interpreted as the hange in unit time of the total energy of the mass ontained
in the spa e, while the se ond one is the work exerted by the pressure due to the hange of the volume
of the Universe. The term proportional to the osmologi al onstant  was introdu ed by Einstein
into his gravitational law to enable the existen e of a stationary solution (R_ = 0) of equations (4)
and (5). The value of the osmologi al onstant  > 0 represents, in fa t, a repulsive for e whi h
ould hold the Universe apart against the attra tive gravitational for e. However, just the Friedmann
dynami al models enable us to explain the osmologi al paradoxes and they give several theoreti al
predi tions, whi h are on rmed by observations.
Exer ise 1 Find the form of Eq. (2) in the ase that the radial spa e oordinate  is repla ed by
another oordinate  by substitution  = (). Find the spe ial ases of this substitution and the
orresponding resulting metri s whi h lead to
ds2 =

2

dt2

R2 (t)[f ()d2 + 2 (d#2 + sin2 #d'2 )℄ ;

(7)

R2 (t)f ()[d2 + 2 (d#2 + sin2 #d'2 )℄ :

(8)

or to the onformly at oordinates
ds2 =

2

dt2

Exer ise 2 Prove that Eq. (6) follows from Eqs. (4) and (5).

13 This

equation is a spe ial ase of the general equation of ontinuity, T ; , whi h follows from the Einstein eld
equations (1).
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1.3

Newtonian

osmology

The expansion of the Universe and some of its properties an be understood in the framework of
non-relativisti me hani s { the so- alled Newtonian osmology. On the surfa e of a homogeneous
sphere with radius r and density  (and, onsequently, the mass M = 34 r3 ) is a ting the gravity
a eleration
GM 4
(9)
g = 2 = Gr
r
3
towards the entre of the sphere. Any thought sphere of radius r0 in an in nite homogeneous medium

Figure 3: Gravitational ollapse of in nite homogeneous medium.
(whi h is initially at time t0 in rest and whi h is not held by any repulsive for e) must thus ollapse
(r = r(t; r0 )) with the a eleration of the surfa e r = g  r0 . Consequently, also the velo ity v  r_
must be proportional to r0 in any time, i.e. it satis es the Hubble's relation
v = Hr ;
(10)
where the so- alled Hubble onstant H is independent on the distan e r, but generally it is a fun tion
of time. Obviously, the relative motion of any two elements of the medium is independent on the
hoi e of the enter of the spheres.
Be ause the mass of the sphere is onstant, its density is in reasing with the time,  = (t) 
r 3 (t), but it remains homogeneous. The kineti energy per unit mass of the relative motion of the
surfa e with respe t to the entre will be
4
1
(11)
Ekin = r_ 2 = E V = E + Gr2 ;
2
3
where E is the total energy whi h is onstant and V = GM=r is the potential energy, whi h is
getting more and more negative in the ourse of the ollapse. It is obvious from the analogy with the
verti al motion in a gravitational eld that for E < 0, there must pre ede an expansion (from r = 0
to r = rmax ) to the ontra tion (ba k to r = 0 in nite time), and for E  0 there are two possible
solutions: a ontra tion from r = 1 at t = 1 to r = 0 in nite t, or an expansion from r = 0 in
nite t to r = 1 in t = 1 { f. Tab. 1 and Fig. 4. The riti al ase E = 0 gives a boundary between
the solutions of in nite expansion (or ontra tion from in nity) and the expansion de elerated and
turned ba k into a ollapse. These types of dynami s an be distinguished by omparing the relation
between the instantaneous value of Hubble onstant and the density. Alternatively, the density an
be determined by the rate of the gravitational de eleration, whi h is usually expressed in terms of
the dimension-less so- alled de eleration parameter
rr
(12)
q= 2 ;
r_
Comparing equations (11) and (4) for  = 0, one an see that the radius r of any sphere in
the Newtonian osmology satis es the same equation of energy onservation as the radius R of the
5

Universe in the Friedmann model where the term 12 2 k plays the role of the energy E . In the ase
of dust with P = 0 (or at least P   2 ), the Newtonian osmology gives the same dynami s of the
radius R = R(t) of the Universe as the Friedmann models.
Obviously, for r(t) ! 0 the potential energy of the sphere V ! 1 and the onstant energy of
the motion is neglegible (E  jV j) on the right-hand side of Eq. (11), and onsequently r_  r 1=2
and r3=2  t. This is valid pre isely for all r in the riti al ase, orresponding to the relativisti
ase with k = 0, P = 0 and  = 0.
Exer ise 3

Find the relation between the type of the dynami s of the Newtonian model and the
instantaneous values of H and  or q .

Exer ise 4 Find the age of Universe in terms of
(E = 0) and for the extreme ase of zero density.
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the instantaneous value of

H

for the riti al ase

1.4

Dynami s

of the Univ erse

From the non-relativisti point of view, the dynami s of the Universe, i.e. the fun tion R = R(t)
in the metri (2) should not be in uen ed by any value of the pressure P , be ause, due to the
homogeneity of the spa e, there is a zero gradient of P , and it thus annot exert any for e on
the motion of the mass. However, from the point of view of general relativity, the pressure as a
omponent of the stress-energy tensor is also a sour e of a gravitational eld whi h a ording to the
di eren e between Eqs. (4) and (5)

4G ( + 3 P ) +  2 ;
R
=
(13)
2
R
3
3
will ontribute to the a eleration of R(t).14 The dynami s of the Universe is thus in uen ed by the
matter (and energy) ontent of the Universe and its orresponding equation of state.
For example in the ase of a oherent dust15 whi h agrees with the above given Newtonian
osmology
Pmat = 0
) mat  R 3 (R  t 32 ) :
(14)
However, if the Universe was lled by a photon gas (i.e. radiation) only, or by any other ultrarelativisti gas, then
1
(15)
) rad  R 4 (R  t 21 ) :
Prad = 2 rad
3

In both ases  an be integrated from Eq. (6) in the form of a power dependen e on R. The
terms with k and  are thus negligible for R ! 0 ompared to the right hand side of Eq. (4) and
the solution R(t) an then be asymptoti ally approximated by the simple power-law expressions
given in the parentheses. For a mixture of both gases, the Universe is dominated by the radiation
(rad > mat) for a suÆ iently small R, and its dynami s thus obeys Eq. (15). For larger values of
R at a later epo h, the Universe is dominated by mass (mat > rad ), and its dynami s thus satis es
(14). At even later epo hs the term with the urvature be omes important, and the dynami s of the
Universe depends on the value of k as an be seen in Tab. 1 and Fig. 4. These solutions start from
a singularity (R = 0,  = 1) and either re- ollapse again in the ase of a losed Universe or expand
forever in the ase of an opened Universe.

Figure 4: The dynami s of Friedmann models with zero pressure and osmologi al onstant.
It is important to note that the presen e of a relativisti matter in the Universe dominates the
equation of state and also the dynami s of the Universe near the singularity. Following the StefanBoltzmann law, the temperature for the radiation is determined by the energy density, whi h varies
with the radius of the Universe,
rad 2 = T 4  R 4 :
(16)
1
It thus means that the temperature of the radiation T  R and onsequently T ! 1 near the
singularity. This is why the singularity is alled the hot big bang.
14 The in uen e of the pressure on the dynami s of the Universe an also be understood as a result of the onservation
laws (6), whi h are a onsequen e of the Einstein eld equations, be ause, due to the equivalen e of mass and energy,
the work exerted by the pressure will hange the dependen e  = (R).
15 And approximately also for any lassi al non-relativisti gas be ause then P
 2.
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k

= +1

k
k

=0
= 1

R = R0 (1
os )
t = t0 ( sin  )
R = R0 (t=t0 )2=3
R = R0 ( osh 1)
t = t0 (sinh  )

Table 1: The dynami s of the Friedmann models with zero pressure and osmologi al onstant.
Owing to the strangeness of the physi al on eption of the initial singularity, it be ame temporarily popular to apply the stationary osmologi al models (the so- alled steady state models by
H. Bondi, T. Gold and F. Hoyle), a ording to whi h equation (6) of ontinuity of mass is violated
by a spontaneous reation of mass everywhere in the Universe, with the rate just needed to balan e
the de reasing mass density due to the osmologi al expansion. However, these models whi h are
homogeneous also in time, do not agree with the results of the statisti s of distribution of galaxies at
large distan es (i.e., with their density in the past), and they were ompletely abandoned after the
dis overy of the osmi ba kground radiation whi h also on rms a high temperature in the earlier
epo hs of the evolution of the Universe.
Following the Grand-uni ation theories (GUT), the equation of state P =  2 ould be valid
during the very early epo h (the so- alled in ationary epo h) of the evolution of the Universe.
Consequently, following Eq. (6),
P

=

 2

)

 = onstant

(R  eHt ) :

(17)

The work exerted by the expansion of the Universe against the negative pressure thus ould in these
ir umstan es really produ e a mass balan ing the de rease of its density due to the expansion, and
it thus ould temporarily mimi the e e t of the osmologi al onstant.
Exer ise 5 Verify that the solutions given in Tab. 1 satisfy Eqs. (4) and (5) and nd the proper
values of the free parameters.
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1.5

Observational

osmology

The ontemporary physi al theories admit a large variety of theoreti al models of the Universe. It is
thus ne essary to verify them and to hoose between them by omparison of the observed properties
of the Universe with theoreti al predi tions of di erent models.

Figure 5: Large-s ale stru ture of the Universe.
The basi observational test is the study of the distribution of dis rete obje ts (e.g., galaxies and
quasars). The statisti s of the angular distribution (whi h is ompli ated due to partial s reening
by our Galaxy) as well as the distribution of obje ts at di erent distan es r does not, generally,
ontradi t the assumption of the homogeneity of the Universe. However, there are observed lo al
ondensations on di erent s ales. Their existen e imposes an additional onstraint on the theoreti al
models. The largest formations presently known form the so- alled large-s ale stru ture resembling
a foam with large voids with the size of the order of 100 Mp { see Fig. 5. The luminous matter
is on entrated into some walls (the so- alled pan akes) between the voids and their ross-se tions
(threads) and their knots. These stru tures an be statisti ally des ribed in terms of fra tal dimensions
d lnN
r dN
D=
=
;
(18)
d lnr
N dr
where r is the radius of a sphere around a hosen origin (the position of the Earth), and N = N (r)
is the number of the dis rete sour es ontained in this sphere. Obviously, for the homogeneous
distribution of sour es in at spa e D = 3, while in a planar stru ture D = 2, in a linear stru ture
D = 1 and for an isolated ondensation D = 0.16
The statisti s of the distribution in r ex ludes the stationary models (both the stati as well as
the steady state). However, the non-stationarity of the Universe ompli ates the determination of
the radial distan es. For a relatively small neighbourhood of our observational site, the distan e of
a osmi obje t an be found in the standard way of the Newtonian physi s, e.g., from its angular
size or its apparent brightness, provided that the proper size or intrinsi luminosity of the obje t
are known (e.g., if they an be supposed to be equal in average for obje ts of the same kind { the
obje ts are the so- alled standard rods or standard andelas).17
At osmologi al distan es the relation of the magnitude of the observed quantities to the distan e
of the sour e is in uen ed by the geometry and dynami s of the Universe in a way whi h an be
al ulated depending on the osmologi al model. It is obvious from Eq. (2) that the photons omming
to the observer at  = 0 have d# = 0 = d' and hen e the proper length D of a standard rod (oriented
perpendi ularly to the line of sight e.g. in dire tion of the oordinate #) at event ft; g seen under
the angle # is
D = R(t)()# ;
(19)
16 The results of most statisti al studies indi ate that D approa hes the value of 3 at large s ales, some observers
argue
that it is rather lose to 2.
17 In the stati Eu lidean spa e-time it would be the simple relation of inverse proportionality or inverse square
dependen e, respe tively.
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from where the distan e an be found.18
In a simillar way the solid angle spanned by the sour e di reases with the square of the angular
distan e. In addition, the energy of ea h photon radiated by the obje t is redshifted by the osmologi al expansion by the fa tor (1 + z), as will be shown later, and in the same portion is in reased
the time-interval, during whi h the photons were emited. Consequently, the luminosity distan e dL
de ned by the ratio of the apparent luminosity Lapp of the obje t and its intrinsi luminosity Lint
(as seen from an unit distan e) by Lapp = Lint =d2L is given by
dL = dA (1 + z ) = R(t)()(1 + z ) :
(20)
Owing to the non-stationarity of the Universe there arises in pra ti e a problem to nd at di erent
distan es (and onsequently in di erent ages of the Universe) mutually omparable sour es and to
ex lude their evolutionary e e ts. More tri ky physi al pro esses must thus be used to set and verify
the s ale of radial distan es (e.g. the gravitational lensing).
The most important on rmation of the dynami s of the Universe was done by Hubble's dis overy
of the redshift of spe tral lines in the light from distant galaxies. It gives the eviden e of the radial
motions of obje ts with velo ity v (approximately) proportional to their distan e r, a ording Eq. (10)
where the Hubble onstant is determined by the fun tion R(t),
R_ (t)
;
(21)
H=
R(t)
and it has observationally found value H ' 75km s 1 Mp 1 . It means that, in fa t, it is also a
fun tion of time. The redshift z of the wavelengths of spe tral lines,
z

= obs

em
em

;

(22)

where em and obs are the emitted and observed wavelengths, resp., is then the result of subsequent
Doppler in rease of the wavelength of a photon during its travel from the sour e to the observer.
The nal value of the redshift depends on the ratio of how mu h the radius R of the Universe has
in reased in the ourse of the travel time of the photon,19
):
(23)
1 + z = RR((ttobs
em )
The redshift z is used as a measure of the distan e (and thus also the measure of the `antiquity') of
the distant sour es. Its relation to the real a tual distan e r or the radial oordinate  is determined
by the fun tion R(t),
Z tobs
R 1 (t) dt :
(24)
r = R(tobs ) = R(tobs )
tem
The a tual velo ity Hr of the re ession (whi h, however, does not have any dire t physi al meaning)
an be greater than for obje ts with large z (e.g., in the Einstein { de Sitter universe for z > 3),
and annot be al ulated from z by the spe ial-relativisti expression for the Doppler e e t.
The limit rh of the expression (24) for tem ! 0, i.e. z ! 1 is alled parti le horizon. This de nes
the most distant point ( = h) from whi h any information ould rea h us (i.e. to rea h the event
 = 0; t = tobs ) in the ourse of time from the beginning t = 0 of the Universe. The horizon rh
18 Note that the so- alled angular distan e d  D=# = R(t)() = R(t), where rho is the radial oordinate used
A
in the expression (7) for the metri , gives the ir umferen e of a ir le subtending the rod at the epo h of emission
of the observed photons. The present size of the ir le is res aled due to the expansion fa tor R(t). Moreover, the
distan e measured radially di ers from dA due to the urvature of the spa e (e.g. for k = +1 and  > =2 the angular
size19 of the rod is in reasing with , what an be2understood
as a fo ussing of the radiation by the urvature of spa e).
This an be easily seen from the equation
d = d2 of a radially moving photon, where  is the so- alled onformal
time, in whi h Eq. (2) has the form ds2 = R2 ()[d2 d2 2 ()(d#2 + sin2 #d'2 )℄. Two world-lines of photons
(or maxima of an ele tromagneti wave) have onstant diferen e in  and thus diferen e in time t  R(t).
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Figure 6: Past light- one in physi al and o-moving oordinates.
in reases with the in reasing time tobs . However, in some models exists a nite limit limtobs !1 rh
(the so- alled event horizon), hen e the more distant regions of the Universe are ausally separated
forever. E.g. for a power-law expansion R(t) = kt (i.e. for both the matter- and radiationdominated universe the omoving oordinate of the horizon reads20
Z
t
(25)
t  dt =
h =
k
(1 )R ;

while during an exponential expansion R(t) = k exp(Ht) between the epo hs t1 and t2 the horizon
in reases for21


Z
1
1
(26)
h = k exp( Ht)dt = H R R :
1
2
Consequently, if R2  R1 , the nal horizon after an initial power-law and subsequent exponential
expansion




t1
t2
1

R2 t1
R2
h =
(27)
(1 )R2 R1t2 + log(R2=R1) 1 t2 R1 1 ;
is mu h larger than it would be for the power-law only.
In prin iple, the de eleration parameter q, whi h is in agreement with Eq. (12) expressed in terms
of R(t) as

RR
q=
;
(28)
R_ 2
an be determined by measuring the non-linearities of the Hubble-relation z = z(r). Negle ting in
Eq. (5) the terms with P and  (whi h apparently really are negligible at the present epo h of the
evolution of the Universe) we arrive at the relation
k 2 = R2 H 2 (2q 1) :
(29)
The geometry of the whole Universe an thus be1 determined from the value of q. The riti al value
(k = 0) of the urvature orresponds to q rit = 2 . The observed value of q oin ides { within quite
large observational errors { with q rit.
Similarly, a ording to Eq. (4), k ould be determined from the present mean density of the
Universe omparing it with the riti al value
3H 2 ' 10 26kg:m 3 :
 rit =
(30)
8G
The observed luminous matter of the galaxies gives a density approximately one or two orders of
magnitude lower. However, it follows from the inner dynami s of galaxies as well as from the dynami s

The horizon R is thus of the order of Gp .
Note that in the ase of exponential expansion lasting forever the above de ned horizon as the limit of the past
light- one is at in nity, be ause the model was asymptoti ally stati . However, the distan e =H de nes the most
distant observers whi h an be rea hed by a future light- one. It means that any two parti les will be ausally
dis onne ted after they separate behind this limit.
20
21
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of lusters of galaxies that there must be present also a great deal of the so alled dark matter (or
the hidden matter) whi h holds the galaxies bounded by its gravity. Up to now, the substan e of
this dark matter is unknown. It ould onsist of neutrinos if their rest mass would be of the order of
a few eV or it ould onsist of some still unknown parti les. From the point of view of observability
of this matter an not be ex luded some forms of non-luminous bodies from the normal baryoni
matter either. The estimates of the total amount of the dark matter in the Universe are so un ertain,
that we annot determine the value of k.
The value of the de eleration parameter an be restri ted by omparison of the observed age t of
the Universe with the Friedmann models a ording to whi h it should be
"
1 q  #
1
q
for x 1 : (31)
1 ; where f (x) = 
t=
H arar ososhxx for
x >1
(2q 1)H pj2q 1j f q
In the ase q = 21 , i.e. k = 0, t = 23 H 1 ' 8:7  109years (for H = 75km s 1 Mp 1 ), for q > 21 the
age t is even smaller. Following the radiometri hronology of meteorites and Earth and Moon ro ks
the lower limit of the age of the Solar system is about 4 or 5  109 years. Comparing the theoreti al
models of the stellar evolution with the
observed HR-diagrams the age of some stellar lusters an
be estimated to be up to 10 or 15  109years. It is an eviden e in favour of either k = 1 or a smaller
value of H .
Exer ise 6 Find the mean fra tal dimension of the 3-dimensional Cantor dis ontinuum ( f. Fig 1).
Exer ise 7 Find the distan e to SMC by omparing the observed periods P (in days) and the magnitudes m of epheids in the SMC, given in the following table:
star
P
m
star
P
m
star
P
m
HV 2019 1.62 16.8
HV 1825 4.27 15.6
HV 847
27.5 13.8
HV 2035 2.00 16.7
HV 1903 5.13 15.6
HV 840
33.1 13.4
HV 844 2.24 16.3
HV 1945 6.46 15.2
HV 11182 39.8 13.6
HV 2046 2.57 16.0
HV 2060 10.2 14.3
HV 1837 42.7 13.1
HV 1809 2.82 16.1
HV 1873 12.9 14.7
HV 1877 50.1 13.1
HV 1987 3.16 16.0
HV 1954 16.6 13.8
with the periods and absolute magnitudes M of epheids in the Galaxy:
star
logP
M
star
logP
M
star
logP
M
SU Cas 0.29 -1.7
V 350 Sgr 0.71 -3.0
S Nor
0.99 -3.7
EV S t 0.49 -2.4
CV Mon
0.73 -3.0
Z La
1.04 -4.1
SS S t 0.56 -2.4
RR La
0.81 -3.4
RW Cas 1.17 -4.5
SU Cyg 0.58 -2.8
U Sgr
0.83 -3.5
Y Oph
1.23 -5.3
Y La
0.64 -2.8
 Aql
0.86 -3.5
T Mon
1.34 -5.6
FF Aql 0.65 -3.1
RX Cam
0.90 -3.7
SV Vul 1.65 -6.4
CF Cas 0.69 -3.4
DL Cas
0.90 -3.7
Cf. Passa ho J.M., Goebel R.V. 1979: Sky and Tel. (Mar h) 241
Exer ise 8 Find the value of the Hubble onstant using the magnitudes m and redshifts z of galaxies

in the following table, assuming that the absolute magnitudes of these galaxies are M
m

z

m

z

7.00 0.00086
13.20 0.0188
8.90 0.00577
13.62 0.0241
8.91 0.00344
13.95 0.0302
11.87 0.0176
14.00 0.0163
12.14 0.0169
14.00 0.0203
12.28 0.0177
14.07 0.0450
12.50 0.0181
14.20 0.030
12.84 0.0289
14.30 0.0145
12.90 0.0215
14.50 0.0374
Cf. Evans A. 1978: Sky and Tel. 55, 299

m

14.50
14.80
14.86
15.00
15.00
15.19
15.50
15.80
16.00
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z

0.0590
0.0216
0.0326
0.0209
0.0677
0.0600
0.0437
0.0518
0.0718

m

16.00
16.70
17.00
17.54
17.94
18.00
18.02
19.00
19.00

z

0.1343
0.0497
0.1300
0.1959
0.2106
0.0728
0.2201
0.18
0.2561

= 22.

Exer ise 9 Due to gravitational lensing by a galaxy G at zG = 0:39, the quasar PKC 0957+561 at

= 1:4136 is imaged as a multiple sour e with the brightest omponents A and B on the opposite
sides of G at angular distan es from it equal to 4:9500 and 0:7500, resp.
(a) Cal ulate the distan e of the quasar and the galaxy from the Earth, the apparent linear separation of omponents A, B , and the distan es between the galaxy and the rays from A and B .
(b) Using the simpli ed model of a point-like mass M of the galaxy, a ording to whi h the
de e ting angle of the light reads ' = 4G 2 M=r, nd M and the true angular separation between
the quasar and the galaxy.
( ) Estimate the Hubble onstant using the time delay AB ' 417 days in the variability of the
images A and B .
(d) Find the theoreti al ratio of the brightness of the images A and B , and ompare it with its
value ' 1:7 observed in the radio wavelengths.

zQ
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1.6

Cosmi

ba kground radiation

In the thermodynami equilibrium of the ele tromagneti eld with its emitters/absorbers, the spa e
is lled by radiation, the density and spe trum of whi h is des ribed for ea h thermodynami temperature T by the Plan k law for the bla k-body radiation
2h 3 1 :
B (T ) = 2
(32)
e kTh 1
In an expanding universe, the thermodynami equilibrium is generally violated due to the di erent
dependen e of the temperature T of a relativisti gas (e.g. photons) and a non-relativisti gas (e.g.,
standard baryoni matter) on the volume in the ourse of their adiabati expansion.22 However, as
it was shown in 1946 by G. Gamow, the onditions in the early stages of the osmologi al expansion
were similar to those in the stellar nu lei, i.e., there was not only a large density but also a high temperature, whi h des ribed both the radiations as well as the baryoni matter, be ause the relaxation
time in whi h the thermodynami equilibrium an be a hieved was mu h shorter than the age of the
Universe at that time. In the ourse of the osmologi al expansion, the relaxation time in reased
(due to the de reasing density and energy of the parti les) more than the age of the Universe, and
starting from the moment of the so- alled de oupling of radiation from matter when the hydrogen
re ombined, the radiation almost eased to intera t with baryoni matter. The photon density dereases as n  R 3 during the subsequent expansion of the Universe, and due1 to the redshift (i.e.,
the Doppler e e t) also the frequen y  of ea h photon de reases as   R . The radiation thus
preserves the Plan kian distribution with the temperature T inversely proportional to the radius of
the Universe (T  R 1; the total energy of the radiation eld is de reasing due to the work exerted
by its pressure { f. Eqs. (6) and (15)) despite it is no more in thermodynami equilibrium with
the matter.23 This so- alled osmi ba kground radiation (CBR) is observed at present time as a
homogeneous and isotropi radiation with the temperature T ' 2:73K (Gamow predi ted T ' 10K).
The density of energy of this radiation eld is now smaller (in ratio ' 1 : 104) than that of the
rest-mass energy of baryoni matter. However, in the past during the so alled radiation-dominated
epo h, the density of the mass-energy of radiation was larger than the density of the baryoni matter.
The existen e of CBR is, in prin iple, a on rmation of the hot big-bang osmologi al model. The
present observational and theoreti al investigation of the deviations of CBR from the exa t isotropy,
homogeneity and the Plan kian spe trum, enables us to improve the s enario of the early evolution
of the Universe and of the formation of galaxies.
CBR was dis overed in 1965 by A.A. Penzias and R.W. Wilson during tests of a mi rowave
radiometer at the wavelength ' 7 m. The dire t measurements are experimentally diÆ ult and
they require the use of ryogeni te hnique. The main sour e of the noise is thermal radiation from
the Earth and its atmosphere. This is why the measurements are often performed from airplanes,
balloons and satellites (Relikt, COBE). Next, it is ne essary to subtra t in the data-pro essing
the radiation of lo al sour es like planets, stars, the Galaxy (i.e., interstellar matter) or dis rete
extragala ti sour es. As an indire t method of the measurement of CBR an be used determination
of the ex itation temperature of interstellar mole ules (e.g., CN) from the observation of strengths
of absorption lines in the opti al spe trum of stars. Due to the irradiation of mole ules by nearby
stars, this method yields an upper limit on the intensity of CBR only. However, it is the only test
of the homogeneity of the CBR in spa e on a relatively large s ale.
The largest observed de e tion of CBR from the exa tly isotropi equilibrium distribution is the
dipole omponent of the dependen e of the intensity or the temperature T
(33)
T  vT os # ;
22 This di erent behavior of relativisti and non-relativisti gas is aused by their di erent equations of state. The
thermodynami equilibrium in the Universe is also violated by the existen e of lo al inhomogeneities like galaxies and
stars, whi h have higher densities and temperatures and whi h thus emit hot radiation into their ooler environment.
23 The mean temperature of baryoni matter, whi h is already nonrelativisti at this stage, starts to de rease mu h
faster from this moment. However, the de oupling enables lustering of matter, and the temperature of lo al ondensations (e.g., stars) an in rease and their high-energy radiation an ause a re-ionization of the surroundings.
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whi h arise by the Doppler e e t (and the aberration) in the ase of the motion of the observer
(with the velo ity v in the dire tion ontaining the angle # with the line of sight) with respe t to
the inertial system in whi h the radiation is isotropi . CBR thus de nes a \lo al rest system" of the
Universe (whi h is for its privilege sometimes mentioned as a \new ether"). The measured velo ity of
the Sun with respe t to CBR is about 380 km/s in the dire tion with gala ti oordinates l = 253Æ,
b = 47Æ , the velo ity of the Galaxy with respe t to CBR is thus about 600 km/s.
A quadrupole de e tion (for whi h the dire tion hara teristi s has the form of a three-axial
elipsoid) ould arise if the osmologi al expansion (and hen e also the Hubble onstant) would not
be the same in all dire tions. Flu tuations with smaller angular dimensions ould arise at the
epo h of the de oupling of the matter from the radiation on possible inhomogeneities in the spatial
distribution of the density and the velo ity eld, whi h were the seeds of the later formed galaxies
(the so- alled Sa hs { Wolfe e e t). In the ase of adiabati perturbations any lo al enhan ement
of the density  > 0 (whi h produ es some lo al depression in the gravity potential  < 0) is
a ompanied also by an in rease of temperature T > 0. The photons emitted in these regions
are thus hotter, however, before rea1 hing
the observer they are gravitationally redshifted (in the
matter-dominated universe T = 3 2T ). These perturbations of isotropy of CBR have been
observed by COBE and some other instruments on angular s ale  1Æ and amplitude TT  10 5.
The observed smallness of the amplitude of su h perturbations is in fa t also a osmologi al
paradox (the so- alled paradox of the horizon) be ause it means that there was the same temperature
and density, e.g. in the events at the opposite dire tions on the sky in the same time, despite these
events were still ausally dis onne ted, i.e., they ould not ex hange any information about the
values of these quantities. A possibility to solve this paradox is o ered by the in ation osmologies,
in whi h the true horizon is many orders larger than the apparent one orresponding to the epo h of
the de oupling { f. Eq. (27). An additional distortion of CBR ould take pla e also in later epo hs
of the evolution of the Universe, e.g., after the re-ionization of the intergala ti matter by the highenergy radiation from the rst formed quasars and stars, or by the inverse Compton s attering24 on
high-energy parti les in the lusters of galaxies (the so- alled Zel'dovit h { Sunyaev e e t), or due
to the gravitational intera tion with the density perturbations (Rees { S iama e e t). The variety
of these e e ts an in uen e not only the intensity but also the spe trum and polarization of CBR.

24 This parti ular e e t tends to establish a more general Bose{Einstein distribution with non-zero hemi al potential
instead of the Plan kian distribution for the CBR- photons.
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1.7

Evolution of inhomogeneities

The perturbations of homogeneity of the Universe observed in the osmi ba kground radiation are
of relative order 10 5, while at the present epo h they are highly non-linear, i.e., of an order > 1. To
understand the history of their evolution we an rst ompare it with the ollapse of a protostellar
loud. In a gas with density  and pressure P , any lo al ontra tion Ær of a volume with radius r
leads to an in rease of its density and pressure, and the gradient of the pressure intends to smear out
this perturbation. However, for a suÆ iently large r, the potential energy of the self-gravitation of
the volume released by this ontra tion (whi h is of the order Æ(GM 2 =r)  G2 r4 Ær) an prevail over
the work (P r2 Ær) needed to ompress the gas and the ontra tion thus ontinues by gravitational
ollapse of volumes with radii larger than the Jeans length
s
P
:
(34)
rJ 
G2
In the epo h dominated by the radiation, P   2 and the Jeans length was of the order of the
horizon, hen e all inhomogeneities on smaller s ales were eÆ iently smoothed out by the radiation
pressure. The highly non-linear u tuations of density like the galaxies and stars ould thus start
to develop after the de oupling of the matter from the radiation only, when P ' kT
m  and the Jeans
kT )3=2  1=2 .
mass MJ  r3  ( Gm
Be ause the pressure was non-relativisti in the subsequent matter dominated epo h of the Universe evolution, the evolution of the inhomogeneities an be al ulated as a perturbation of the
Newtonian osmologi al model, i.e., by solution of hydrodynami equations ( ontinuity of mass,
momentum, and the Poisson eq.)
_ + r(v ) = 0 ;
(35)
1
(36)
v_ + (v r)v =
r  rP ;
r2  = 4G :
(37)
Assuming their solution to be in the form of the Newtonian solution plus a small perturbation
(t; r) = 0 R 3 (1 + Æ ) ;
(38)
R_
v (t; r) =
r+u;
(39)
R
(t; r) = 23 G0 R 3 r2 + ' ;
(40)
we get for the perturbations linear equations
R_
(41)
Æ_ + (rr)Æ + ru = 0 ;
R


R_
R_
rÆ ;
(42)
r' dP
u_ + (rr)u + u =
R
R
d

r2 ' = 4G0 R

3Æ :

(43)
If we express this perturbation in omoving oordinates25 and perform the Fourier transform, i.e.,
we suppose Æ(t; r) = Æ~(t; k) exp(i krR ), et ., we get the equations in the form
_ i ~ = 0;
(44)
Æ~ + k u
R


_
i ~
u
~_ + R
u
~ = Ri k'~ dP
kÆ ;
(45)
R
d R
1 k2 '~ = 4G R 3 Æ~ ;
(46)
0

R2

25 It means that we transform from t; r to  = t;  = r=R(t) so that  = 1  and  = 
r
t

R 
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R_
R r .

from where we nally get the di erential equation

 
Æ~ + 2 R_ Æ~_ + dP k2 4G0 R 3 Æ~ = 0
R
d R2

(47)

for the density perturbation. It is obvious from this that the modes with wavelengths smaller than
the Jeans one are dumped (be ause the term in the parentheses is positive and the time derivatives
must thus be negative) and the modes with the longest wavelengths (k = 0) behave in time as
Æ

' Æ+ t2=3 + Æ

t

1:

(48)

There are several hypotheses about the nature of the initial perturbations. In the ase of the
so- alled adiabati perturbations for whi h Æn =n = ÆnB =nB (so that the entropy per baryon is
onstant), the hara teristi mass of inhomogeneities is determined by the dimension of the parti le
horizon at that time and it is of the order of 1012 up to 1015M whi h orresponds to the mass of
large lusters of galaxies. A ording to this s enario the large-s ale stru ture arose rst, and then
gradually fragmented so that the galaxies appeared at z ' 10 or 3 only. A ording to the isothermi
s enario, Æn = 0, while ÆnB ould form already at the radiation-dominated epo h on the s ale of
Jeans' gravitational instability of the baryon gas, i.e. ' 105M , whi h orresponds to the globular
lusters. Inhomogeneities of this size ould exist already at z ' 1000, and the more massive systems
(rather of a spheri al shape) were gradually built from them later. The formation of the stru ture
of the Universe ould be in uen ed by the blast waves arisen by the explosions of the primordial
supermassive stars.
It follows from the observation of the osmi ba kground radiation that the amplitude of adiabati
perturbations was small at z ' 1000, despite the opposite regions were not ausally onne ted in a
ase of power-law form of R(t). This observed homogeneity of the Universe is involved in the initial
onditions in Friedmann models. However, it is a natural desire to explain it by some relaxation
pro esses in the very early epo hs of the evolution of any initially inhomogeneous universe. One
su h possibility is o ered by the in ation epo h of the evolution of the Universe, whi h is expressed
by Eq. (17). If R in reases for many orders (it is supposed to be up to 1030) in the ourse of the
in ation epo h, then the real horizon is larger than the observed sphere orresponding to z = 1000
in the same ratio. In addition to the isotropy of the Universe, the in ationary models explain also
its proximity to the riti al model (i.e., q = 0:5) and some other problems resulting from the theories
of grand uni ation (e.g. the problem of unobservable density of monopoles). This ne tuning of
onditions whi h are satis ed by the observed Universe, despite they are not trivial from the point
of view of physi s, is ne essary for the origin of stars, the nu leosynthesis in their interiors, and thus
also for the rise of life. It an thus be explained also by the anthropi prin iple.
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1.8

Nu leosyn

thesis

It follows from the equation of ontinuity (6) that the mass ontained in the Universe had a large
density and hen e probably also a large temperature when the radius R of the Universe was small.
The onditions in the whole Universe ould then be similar to those in stellar interiors, and there
ould take pla e some thermonu lear rea tions. For ea h rea tion (either hemi al, thermonu lear or
a rea tion of elementary parti les, or for a ionization pro ess, a radiative transition, et .) there exists
also the inverse pro ess. In the thermodynami equilibrium, the ratio of abundan es of the produ ts
of these rea tions is determined by the temperature and the density. Be ause the relaxation time r
for rea hing this equilibrium usually de reases fast with in reasing density, it was mu h smaller than
the age t of the Universe at that time when R was small, and hen e the hemi al omposition of the
Universe orresponded to the equilibrium one. At the moment when the density de reased due to
the osmologi al expansion and r be ame larger than t, the detailed equilibrium was broken. In the
rst approximation, the nowadays hemi al omposition of the Universe is a frozen pi ture of the
situation at that instant. For a more a urate al ulation, it is ne essary to solve the appropriate
kineti equations. However, in prin iple, the hemi al omposition of the Universe is determined by
the value of the temperature in the epo h with given density. An ionized matter is in thermodynami
equilibrium with the radiation, hen e the temperature is des ribed by the density of photons. The
resulting hemi al omposition is thus dependent on the ratio of the photon density n and the
baryon density nB , i.e., on the entropy per baryon, be ause the entropy of the equilibrium photon
gas, whi h is proportional to the density of photons, is dominant. The resulting abundan e of He4
(whi h is ' 0:25 by mass in a good agreement with the observations) is poorly sensitive to nB =n
be ause it is determined mainly by the relative abundan e of neutrons and protons (' 0:2) at the
moment when their mutual transmutations nished due to the drop of the temperature. After
the plasma re ombination, the relaxation time r of the radiative pro esses be omes larger than
the age t of the Universe and the radiation de ouples from the mass. It means that it is freely
ooling with the temperature T  R 1 (while the non-relativisti parti les of the mass are ooling
faster with T  R 2 ). This radiation is now observed as the osmi ba kground radiation, the
density (temperature) of whi h is well measured. The mean density of baryons in the Universe
an thus be al ulated from the observed hemi al omposition of the mass in the Universe. This
method determines the density of the baryoni matter in luding the ontribution of dark matter
also. However, it is in uen ed by the subsequent enri hment of the primordial hemi al omposition
by heavy elements produ ed in the nu leosynthesis in stellar interiors. The determination of the
mean hemi al omposition is also hampered by the in rease of its lo al inhomogeneities. The
best agreement with the observations gives the baryon density nB ' 10 9 n , whi h orresponds to
 ' 0:1 rit .

Figure 7: Relative abundan e of elements as a fun tion of entropy per baryon.
A mutual transmutation took pla e between the photons and the pairs of parti les and antipartiles in the early epo hs of the evolution of the Universe, when the mean energy of the -photons was
higher than the orresponding threshold value. In the equilibrium of reation and annihilation proesses, the numbers of photons and parti les with m 2 < h were approximately equal (nonetheless
18

the dynami s of the Universe was still `dominated by radiation' be ause the parti les were highly
relativisti like the photons). In the ourse of the ooling, the baryons annihilated rst and then
the leptons also. Be ause we now observe a non-zero density of parti les and pra ti ally no antiparti les, there must have been a small ex ess of parti les in omparison with antiparti les (in ratio
approximately (1+10 9 ):1) { the so- alled baryon asymmetry.
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