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Chapter 4 The Formulation of Quantum Mechanics
4.1 Introduction
A physical theory is
1. a set of basic physical concepts
2. a mathematical formalism
3. a set of connections between the physical concepts and the
mathematical objects that represent them
The process of doing theoretical physics involves:
1. constructing a mathematical formalism that allows us to
express a physical problem or experiment in terms of
mathematical objects
2. solving the mathematical system representing the physical
problem – this a pure mathematics at this point
3. translating the mathematical solution to the physical world
using the set of connections

A description of a physical system will involve three ingredients:
1. variables or measurable quantities that characterize the
system
2. states that describe values of the variables as a function of
time
3. equations of motion that determine how the states variables
change in time
In classical mechanics, the position of a particle, which is a
physical concept, is connected to a set of real numbers, which is
a mathematical object. This does not, in general, present us
with any conceptual difficulties because we are familiar with
both positions and numbers from our everyday experiences.
In quantum mechanics, however, the mathematical formalism
that we will be discussing, is very abstract. In addition, we lack
any intuition based on experience concerning quantum
phenomena. The everyday world that we live in does not appear
to consist of Hermitian operators and infinite-dimensional
vectors.

Throughout the last century, many experiments have shown
that the various dynamical variables, which seem to have a
continuous spectrum in classical mechanics, generally have
completely discrete or quantized spectra or, at least, a spectrum
that is both discrete and continuous. In quantum mechanics,
this property will lead to most of the so-called non-classical
results and force us to work in a world of probabilities.
We will take an approach to the theoretical formalism of
quantum mechanics presented in terms of postulates.
4.2 Two Postulates:
Presentation, Rationalization and Meaning

Postulate 1
For each dynamical variable or observable, which is a
physical concept, there corresponds a Hermitian, linear
operator, which is a mathematical object.
The possible values of any measurement of the
observable are restricted to the eigenvalues of the
corresponding operator.
It is the nature of a postulate that we can only make ourselves
feel good about it or, in other words, make ourselves feel that it
makes sense in some way. A priori, we cannot justify it in any
way and we certainly cannot prove it is true or we would have
assumed a more fundamental postulate(the one we used to
prove the truth). A posteriori, we justify postulates by their
effect on our predictions about experimental results. My
philosophy of theoretical physics is based on this statement:

If the predictions agree with experiment, on certain
quantum systems, then the postulates are valid for that
class of systems.
So what can we say about the 1st postulate? We already know
that linear operators possess both discrete and continuous
spectra. In addition, we have a vast storehouse of mathematical
knowledge available about linear operators. So making this
choice certainly is a sensible(and the simplest) place to start.
Note that the postulate does not give us any rules for assigning
operators to observables.
Singling out the eigenvalues is also sensible since they represent
a special connection to the properties of the associated linear
operator. Choosing Hermitian operators also makes sense since
this guarantees that we have only real eigenvalues representing
measured quantities.

Now we need to deal with states. The mathematical object that
we connect to a physical state must allow us to calculate the
probability distributions for all observables.
Before stating the 2nd postulate, we need to present some new
mathematical objects and ideas.
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hφk | Ŵ |φk i

(4.1)

k

where Wkk is the diagonal matrix element(in the basis) of the
density operator Ŵ .
Some Properties of the Trace:
T r(AB) = T r(BA)

(4.2)

T r(cB) = cT r(B)

(4.3)

T r(c(A + B)) = T r(cA) + T r(cB) = cT r(A) + cT r(B)

(4.4)

If we denote the eigenvalues of Ŵ by wk and the corresponding
eigenvectors by |wk i so that
Ŵ |wk i = wk |wk i

(4.5)

then, since Ŵ has a pure point spectrum, we can write Ŵ in
terms of its eigenvalues and eigenvectors (spectral
representation) as
X
Ŵ =
wk |wk i hwk |
(4.6)
k

Since Ŵ is self-adjoint, its eigenvectors form an orthonormal
basis where
hwk | wj i = δkj
(4.7)

We now derive some properties of this density operator
mathematical object.
The spectrum of Ŵ is the set of numbers {wk }. We then have
X
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Ŵ is a bounded, Hermitian(self-adjoint) operator. Since Ŵ is
self-adjoint, this means that Ŵ = Ŵ † , which implies that the
eigenvalues are real, i.e., wk = wk∗ .

Using the fact that Ŵ is defined to be a positive operator, we
then have
!
X
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for any vector |ai. This can only be true, in general, if
wk ≥ 0 for all k

(4.11)

The results
wk ≥ 0 for all k and
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0 ≤ wk ≤ 1

(4.13)

Finally, for any other operator B̂
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We then have
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which is a weighted sum (where the eigenvalues of the density
operator are the weight factors) of the diagonal matrix elements
of the operator B̂ in a basis consisting of eigenvectors of Ŵ .

Before we can show how this connects to probabilities, we must
discuss the concept of a state and its representation as a
mathematical object.
In classical mechanics, a state refers to the set of coordinates
and momenta of the particles in the system.
In quantum mechanics, we say that a state describes the values
of a set of measurable quantities. The state description must be
probabilistic so that we can only know the probabilities that
these values might occur.
In essence, we assume (this is the standard approach to
quantum mechanics) that the quantum state description refers
to an ensemble of similarly prepared systems(so that we can
make probability statements) and NOT to any individual
system in the ensemble. We note that there is some dispute
about this point.

We are, thus, identifying the state directly with a set of
probability distributions.
Our earlier discussion of the experimental limit frequency and its
connection to probability indicated that if we know the average
(or mean) value or the expectation value, which has the symbol
h. . .i, for all of the observables in our physical system, we have
then specified the state of the system as exactly as is possible.
Some properties that we require of expectation values in order
that they make physical sense as average values are:
1. if B̂ is self-adjoint, then hB̂i is real
2. if B̂ is positive, then hB̂i is nonnegative
3. if c = complex number, then hcB̂i = chB̂i
4. hÂ + B̂i = hÂi + hB̂i
ˆ =1
5. hIi

Postulate 2
(a) A density operator exists for every real physical
system.
This rather innocuous looking postulate is at the heart of
quantum theory. Its full meaning will only become clear as we
learn its connection to the probability interpretation of quantum
mechanics.
(b) The expectation value of an operator B̂ is given by
hB̂i = T r(Ŵ B̂)

(4.16)

If we assume that every bounded, Hermitian operator represents
some measurable quantity for a physical system, then each state
is represented by a unique density operator Ŵ .

Let us choose a simple example of a density operator to get some
handle on what this postulate is saying. In particular, let us
choose as our density operator Ŵ the projection operator onto a
1-dimensional subspace spanned by the vector |αi, namely
Ŵ = |αi hα|

(4.17)

This is an idempotent operator since Ŵ 2 = Ŵ and thus it has
eigenvalues wk = 0, 1 only. The eigenvector corresponding to
eigenvalue 1 is |αi. We also have
X
wk = 1 = T r(Ŵ )
(4.18)
k

ha| Ŵ |ai = | ha | αi |2 ≥ 0

(4.19)

so that all required properties for being a density operator are
satisfied.
Since,
0 ≤ wk ≤ 1 and

X
k

wk = 1

(4.20)

we can think of
Ŵ =

X

wk |wk i hwk |

(4.21)
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as representing a statistical mixture of the states represented by
the vectors |wk i where the probability is wk that we have the
state |wk i present.
In this simple case, we then have
hB̂i = T r(Ŵ B̂) = hα| B̂ |αi
which is the expectation value of B̂ in the state |αi.
Proof: Let |w1 i = |βi , |w2 i = |αi , hα | βi = 0. Then

(4.22)
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Since the important quantities for connection to experiment will
be expectation values, we see that the state represented by Ŵ ,
in this case, is equally well represented by the state vector |αi;
the density operator and the state vector are equivalent ways of
representing a physical system in this simple case.
In general, when
Ŵ =

X
k

wk |wk i hwk |

(4.24)

we saw earlier that
T r(Ŵ B̂) =

X

wk hwk | B̂ |wk i

(4.25)

k

Postulate #2 then says that the average or expectation value of
Ŵ , hB̂i , equals the weighted sum of the expectation value in
each of the eigenstates |wk i of Ŵ with a weighting factor equal
to the corresponding eigenvalue wk .
Thus, if we know the numbers hwk | B̂ |wk i we can find the
expectation value of the corresponding operator, which is the
maximum amount of information we can know.

4.3 States and Probabilities
4.3.1 States
Among the set of all possible states there exists a special group
called pure states. The density operator for a pure state is given
by
Ŵ = |ψi hψ|
(4.26)
where the vector |ψi is of unit norm and is called the state
vector. We discussed this density operator above and found that
the expectation value for an observable represented by Q̂ now in
this pure state |ψi, is given by
hQ̂i = T r(Ŵ Q̂) = T r(|ψi hψ| Q̂) = hψ| Q̂ |ψi

(4.27)

Note that the density operator is independent of this arbitrary
phase.

As we saw earlier the density operator Ŵ = |ψi hψ| for the pure
state is idempotent and thus the only possible eigenvalues are
wk = 0, 1 and therefore, the form chosen for Ŵ agrees with the
expansion in eigenvectors and eigenvalues.
Another property of a pure state goes as follows: we have, in the
general case,
X
0 ≤ wk ≤ 1 and
wk = 1
(4.28)
k

which implies that
wk2 ≤ wk

(4.29)

so that
T r(Ŵ 2 ) =

X

wk2 ≤

X
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wk = 1
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or
T r(Ŵ 2 ) ≤ 1
in this case.

(4.31)

For a pure state, however, where wk2 = wk because Ŵ is an
idempotent projection operator, we then have
T r(Ŵ 2 ) = 1

(4.32)

The most important way of distinguishing whether a state is
pure or not follows from this property of density operators:
The density operator for a pure state cannot be written
as a linear combination of the density operators of
other states, but the density operator for a nonpure
state can always be so written.
We can see that this is true by assuming the opposite and
getting a contradiction.
So let the density operator for a pure state be written as a
linear combination of density operators for other states

Ŵ =

X

cj Ŵ (j)
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Now
T r(Ŵ 2 ) =

XX
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(4.34)
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Now each density operator Ŵ (i) has a spectral representation of
the form
ED
X (j)
(4.35)
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n
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This then gives
XX
X X
T r(Ŵ 2 ) =
ci cj T r(Ŵ (i) Ŵ (j) ) ≤
ci
cj = 1 (4.37)
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But we assumed that Ŵ represents a pure state and the equality
must hold. The only way for this to be true is as follows:
D
E
(j)
(j)
| wn(i) wm
| = 1 for all m, n such that wn(i) wm
6= 0 (4.38)
2
The Schwarz
E inequality
E | ha | bi | ≤ ha | ai hb | bi = 1 then says
(i)
(j)
that wn and wm can differ at most by a phase factor. But
by assumption, the eigenvectors for each separate density
operator are orthogonal. The only conclusion then is that they
are all the same operator, i.e.,

Ŵ (i) = Ŵ (j) for all i and j

(4.39)

This contradicts the assumption that we could write a pure
state density operator as a linear combination of other density
operators. In fact all the density operators must be the same.
Are pure states more fundamental than nonpure states?
Can we regard nonpure states as some kind of mixture of pure
states?
The answer depends on whether we require uniqueness. It turns
out that we cannot write nonpure states uniquely in terms of
pure states. For example let us consider the density operator
given by
Ŵ(a) = a |ui hu| + (1 − a) |vi hv|
(4.40)
with 0 < a < 1 and
hu | ui = hv | vi = 1 and hu | vi = hv | ui = 0

(4.41)

Now define two other vectors |xi and |yi as linear combinations
of |ui and |vi.
√
√
(4.42)
|xi = a |ui + 1 − a |vi
√
√
(4.43)
|yi = a |ui − 1 − a |vi
hu | ui = hv | vi = 1 and hu | vi = hv | ui = 0

(4.44)

such that we still have
hx | xi = hy | yi = 1 and hx | yi = hy | xi = 0

(4.45)

We then have

1
1
|xi hx| + |yi hy|
(4.46)
2
2
so the linear combination is not unique. In fact, there are an
infinite number of ways to do it.
Ŵ(a) =

We will assume that both pure and nonpure states are
fundamental and we will see physical systems later on that are
described by each type.

Due to the lack of uniqueness, we will not call the nonpure state
a mixture or mixed state but just stick with the name nonpure.
4.3.2 Probabilities
Postulate #2 says that the average value of an observable
represented by Q̂ in the state corresponding to density operator
Ŵ is given by
hQ̂i = T r(Ŵ Q̂)
(4.47)
Consider a function F (Q̂) of the operator Q̂. Let
h(q) dq = probability that the measured value of the observable
represented by Q̂ lies between q and q + dq
Thus,
h(q) = probability density function

(4.48)

Now, the general definition of an average value says that
Z ∞
F (q 0 )h(q 0 ) dq 0
(4.49)
hF (Q̂)i =
−∞

Postulate #2, however, says
hF (Q̂)i = T r(Ŵ F (Q̂))

(4.50)

Taken together, these two relations will allow us to extract the
probability density function h(q).
Case 1 : Discrete Spectrum
Let Q̂ be a self-adjoint operator representing the observable Q.
Assume that it has a pure discrete spectrum with eigenvectors
|qn i and corresponding eigenvalues qn such that
Q̂ |qn i = qn |qn i

(4.51)

We can write its spectral representation (express the operator in
terms of its eigenvectors and eigenvalues) as
X
Q̂ =
qn |qn i hqn |
(4.52)
n

Now consider the function

where

F (Q) = θ(q − Q)

(4.53)

(
1 q>Q
θ(q − Q) =
0 q<Q

(4.54)

The expectation value of this function is then
Z ∞
Z ∞
0
0
0
hF (Q̂)i = hθ(q − Q̂)i =
F (q )h(q ) dq =
θ(q − q 0 )h(q 0 ) dq 0
−∞
−∞
Z q
=
h(q 0 ) dq 0 = P rob(Q < q|Ŵ )
−∞

= probability that Q < q given Ŵ

(4.55)

However, we can also write
"
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Now we have
Z q
∂
∂
h(q) =
h(q 0 ) dq 0 =
P rob(Q < q|Ŵ )
∂q −∞
∂q
X
∂ X
=
hqn | Ŵ |qn i θ(q − qn ) =
hqn | Ŵ |qn i δ(q − qn )
∂q n
n
(4.57)

This implies that the probability density h(q) = 0 unless q = an
eigenvalue. In other words, the probability = 0 that a
dynamical variable or observable will take on a value other than
an eigenvalue of the corresponding operator. This makes it clear
the postulate #2 is consistent with the last part of postulate
#1, where we assumed this to be the case.
Now
P rob(Q = q|Ŵ ) = probability that the observable
represented by Q̂ will have the discrete value q in the
ensemble characterized by Ŵ
We calculate this as follows:

P rob(Q = q|Ŵ ) = lim (P rob(Q < q + |Ŵ ) − P rob(Q < q − |Ŵ ))
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(4.58)
If we now define the projection operator
X
P̂ (q) =
|qn i hqn | δq,qn

(4.59)
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which projects onto the subspace spanned by all the
eigenvectors (degenerate) with eigenvalue q = qn , we then have
the general result that
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hqm | Ŵ |qn i δq,qn hqn | qm i

m,n

=

X
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hqn | Ŵ |qn i δq,qn = P rob(Q = q|Ŵ )
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If we have a pure state, then
Ŵ = |ψi hψ|
and if qn is a non-degenerate eigenvalue,

(4.61)

P rob(Q = qn |Ŵ ) = T r(Ŵ P̂ (qn )) = T r((|ψi hψ|)P̂ (qn ))
X
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= hqn | ψi hψ | qn i = | hqn | ψi |2

(4.62)

We note the following alternate and useful form of this result.
We have

P rob(Q = qn |Ŵ ) = | hqn | ψi |2 = hqn | ψi hψ | qn i
X
= hqn | Ŵ |qn i =
hqm | P̂qn Ŵ |qm i
m

= T r(P̂qn Ŵ )

(4.63)

Thus, for a physical system that is characterized by a density
operator Ŵ = |ψi hψ| or represented by a pure state
characterized by a state vector |ψi, the probability of measuring
a particular eigenvalue qn of an observable Q represented by the
operator Q̂ is given by
| hqn | ψi |2
(4.64)
To see that this all makes sense relative to the standard
definition of an average value we consider the quantity
hα| Q̂ |αi = average value in the state |αi
Now using the eigenvector/eigenvalue relation

(4.65)

Q̂ |qk i = qk |qk i

(4.66)

which says that we can write
X
Q̂ =
qk |qk i hqk |

(4.67)
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we get
hα| Q̂ |αi =

X

qk hα | qk i hqk | αi =

k

X

qk | hqk | αi |2

(4.68)
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which says that the average value in the state |αi is equal to the
sum over all possible values (the eigenvalues) of the
value(eigenvalue) times the probability of finding measuring
that eigenvalue when in the state |αi, which is clearly given by
| hqk | αi |2

(4.69)

This corresponds to the standard definition of the average value.

Thus, the connection between the mathematical object
| hqk | αi |2 and the probability of measuring the eigenvalue qn
when in the state |αi is now clear and derivable from the earlier
postulates.
We do not need to assume this as another postulate as
is done in many texts.
A Special Case: In general, any observable will exhibit a
nonzero statistical dispersion in its measured value for most
states. For the case of a discrete spectrum, however, it is
possible for all of the probability to reside in a single value.
Suppose the state involved is an eigenvector. The observable
represented by the operator Q̂ takes on a unique value, say q0 (a
non-degenerate eigenvalue) with probability = 1 in this state.

This means that
P rob(Q = q0 |Ŵ ) =

X

hqn | Ŵ |qn i δq0 ,qn = hq0 | Ŵ |q0 i = 1

n

(4.70)
Now, any Ŵ satisfies
T r(Ŵ 2 ) ≤ 1

(4.71)

or
T r(Ŵ 2 ) =
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hqn | Ŵ |qm i hqm | Ŵ |qn i
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| hqn | Ŵ |qm i |2

m

= hq0 | Ŵ |q0 i + rest of terms = 1 + rest of terms ≤ 1
(4.72)

which says that
hqn | Ŵ |qm i = δn0 δm0

(4.73)

or all the other diagonal and non-diagonal matrix elements of Ŵ
must vanish.
Thus, the only state for which the observable takes on the value
q0 (non-degenerate) with probability = 1 is the pure state
represented by the density operator Ŵ = |q0 i hq0 |.
This state, whether described by the density operator Ŵ or the
state vector |q0 i is called an eigenstate of Q̂. The observable has
a definite value (probability = 1) in an eigenstate and ONLY in
an eigenstate.

Case 2: Continuous Spectrum
Now we let Q̂ be a self-adjoint operator with a purely
continuous spectrum, so that we can write
Z
Q̂ = q 0 q 0 q 0 dq 0 where Q̂ q 0 = q 0 q 0

(4.74)

The eigenvectors are normalized using the Dirac delta-function,
as we showed earlier
q 0 q 00 = δ(q 0 − q 00 )

(4.75)

and we let
h(q) dq = probability that the measured value of the observable
represented by Q̂ lies between q and q + dq

Then, as in the discrete case, we have
Z q
hθ(q − Q̂)i =
h(q 0 ) dq 0 = P rob(Q < q|Ŵ )

(4.76)

−∞

which gives the probability that Q < q. We also have
hθ(q − Q̂)i = T r(Ŵ θ(q − Q̂))
and using the standard expansion of an operator
Z ∞
θ(q − Q̂) =
θ(q − q 0 ) q 0 q 0 dq 0
−∞

we get

(4.77)

(4.78)
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Z ∞
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0
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Z ∞
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dq 00 q 00 Ŵ
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Z−∞
Z−∞
∞
∞
=
dq 00 q 00 Ŵ
θ(q − q 0 ) q 0 δ(q 0 − q 00 ) dq 0
−∞
−∞
Z ∞
=
θ(q − q 0 ) q 0 Ŵ q 0 dq 0
Z−∞
q
=
q 0 Ŵ q 0 dq 0 = P rob(Q < q|Ŵ )
(4.79)
−∞

This says that the probability density for the observable
represented by Q̂ within the ensemble characterized by Ŵ is
h(q) =

∂
P rob(Q < q|Ŵ ) = hq| Ŵ |qi
∂q

(4.80)

in general. For the special case of a pure state where
Ŵ = |ψi hψ| we have
h(q) = | hq | ψi |2

(4.81)

Later on we shall find that this is equivalent to a probability
statement for the famous Schrodinger equation wave function.
We now turn to the topic of quantum dynamics.
As we have seen :
States or density operators describe values or
probabilities for measurable quantities at given times.

We want to find :
Equations of motion that determine how these values or
probabilities of measurable quantities change with time.
It is clear from our discussion, that, in the theory of quantum
mechanics, a state only needs to be able specify how to calculate
expectations values of measurable quantities. Therefore, we will
assume that
Equations of motion, at a minimum, only need to
specify how expectation values change in time.
4.4 Quantum Pictures
There are three ways that are commonly used in quantum
mechanics to make expectation values depend on time:

Schrodinger Picture
1. states are represented by ket vectors that depend on time,
|ψ(t)i
2. operators representing observables or measurable quantities
are independent of time, Q̂
We then get a time-dependent expectation value of the form
hQ̂(t)i = hψ(t)| Q̂ |ψ(t)i

(4.82)

Heisenberg Picture
1. operators representing observables or measurable quantities
are dependent of time, Q̂(t)
2. states are represented by ket vectors that do not depend on
time, |ψi
We then get a time-dependent expectation value of the form
hQ̂(t)i = hψ| Q̂(t) |ψi

(4.83)

Interaction Picture
It is a mixture of the Schrodinger and Heisenberg pictures that
is appropriate for a very important class of problems. We will
discuss it later after presenting the Schrodinger and Heisenberg
pictures.
All of these pictures must agree in the sense that they must all
give the same time dependence for hQ̂(t)i. There is, after all, a
unique real world out there!!!
We will discuss these pictures in terms of state vectors first,
mixing in state operator aspects as we proceed.
We have been discussing the so-called formal structure of
quantum mechanics. This structure is a fundamental part of the
theory behind quantum mechanics, but it has very little
physical content on its own.

We cannot solve any physical problem with the formalism as it
stands. We must first develop connections or correspondence
rules that tell us the specific operators that actually represent
particular dynamical variables.
The fundamental dynamical variables that we will be working
with are position, linear momentum, angular momentum and
energy. All such quantities are related to space-time symmetry
transformations. As we proceed with our discussions, we will
introduce any needed aspects of symmetry transformations and
discuss further aspects of the subject later.
4.5 Transformations of States and Observables - The
way it must be.......
Experimental evidence leads us to believe that the laws of
nature are invariant under certain space-time symmetry
transformations, including displacements in space and time,
rotations and Lorentz boosts (relative velocity changes).

For each such symmetry, both the state vectors and the
observables must have transformations, i.e.,
|ψi → ψ 0

,

Q̂ → Q̂0

(4.84)

We will only use pure states for most of our discussions in this
development since nothing new appears in more complex cases.
What must be preserved in these transformations?
1. If Q̂ |qn i = qn |qn i, then Q̂0 |qn0 i = qn |qn0 i
Here we are assuming that the eigenvalues are unchanged
since Q̂ and Q̂0 are the SAME observable represented in
two frames of reference. Mathematically operators
representing the same dynamical variable must have the
same spectrum. For example, in both frames the position
operator will have identical continuous spectra in the range
[−∞, ∞] in each frame.
P
2. If |ψi = n cn |qn i where Q̂ |qn i = qn |qn i, then
P
|ψ 0 i = n c0n |qn0 i where Q̂0 |qn0 i = qn |qn0 i. This actually
follows from (1).

Now, equivalent events observed in each frame must have the
same probability. If this were not true, then some event might
occur more often in one frame than it does in another frame,
which makes no physical sense.
This means that probabilities are equal or that
|cn |2 = |c0n |2 or | hqn | ψi |2 = | qn0 ψ 0 |2

(4.85)

We now present the mathematical formalism that characterizes
this type of transformation. But first, a digression to cover two
new mathematical topics. 4.5.1 Antiunitary/Antilinear
Operators
If, for any vector |ψi, an operator T̂ satisfies
T̂ (|ψi + |φi) = T̂ |ψi + T̂ |φi and T̂ c |ψi = c∗ T̂ |ψi

(4.86)

then this type of operator is called an antilinear operator. For
an antilinear operator T̂ to have an inverse T̂ −1 such that
T̂ −1 T̂ = Iˆ = T̂ T̂ −1

(4.87)

it is necessary and sufficient that for each vector |ψi there is one
and only one vector |φi such that |ψi = T̂ |φi. This implies that
T̂ −1 is unique and antilinear.
If an antilinear operator T̂ has an inverse T̂ −1 and if
kT̂ |ψi k = k |ψi k (preserves norm) for all |ψi, then T̂ is
antiunitary.
Assume T̂ is antiunitary. Therefore, if
E
E
φ̃ = T̂ |φi and ψ̃ = T̂ |ψi

(4.88)

D
E
then we have φ̃ ψ̃ = hφ | ψi∗ . Now if T̂ is antilinear, then T̂ 2
is a linear operator and if T̂ is antiunitary, then T̂ 2 is a unitary
operator.

4.5.2 Wigner’s Theorem
Any mapping of the vector space onto itself
|ψi → |ψi0 = Û |ψi and |φi → |φi0 = Û |φi

(4.89)

that preserves | hφ | ψi | can be implemented by an operator Û
that is unitary (linear) when hφ0 | ψ 0 i = hφ | ψi or
antiunitary(antilinear) when hφ0 | ψ 0 i = hφ | ψi∗ .
We can show that all such transformation operators of interest
in quantum mechanics are linear operators. For example, let
Û (`) describe a displacement through a distance `. We know
from experiment that this can be done as a series of two
displacements of size `/2 and thus, we must have
Û (`) = Û (`/2)Û (`/2). Now the product of two antilinear
operators is linear. Therefore, regardless of whether Û (`/2) is
linear or antilinear, Û (`) is linear.

There is nothing special, however, about the value `, i.e., we
must also have Û (`/2) = Û (`/4)Û (`/4) which implies that
Û (`/2) is linear and so on.
Operators in quantum mechanics are continuous, which means
that they cannot change discontinuously from linear to
antilinear as a function of `. This means that we need only
consider continuous linear transformations in quantum
mechanics.
Antilinear operators will appear later when we discuss discrete
symmetries.
Now, if the transformation rule for state vectors is |qn0 i = Û |qn i
where
(4.90)
Q̂ |qn i = qn |qn i and Q̂0 qn0 = qn qn0
then we must have
Q̂0 Û |qn i = qn Û |qn i or Û −1 Q̂0 Û |qn i = qn |qn i

(4.91)

Therefore,
(Q̂ − Û −1 Q̂0 Û ) |qn i = (qn − qn ) |qn i = 0

(4.92)

for all |qn i. Since the set {|qn i} is complete (the eigenvectors of
a Hermitian operator), this result holds for any vector |ψi, which
can be constructed from the set {|qn i}. Therefore, we must have
Q̂ − Û −1 Q̂0 Û = 0

(4.93)

Q̂ → Q̂0 = Û Q̂0 Û −1

(4.94)

or
is the corresponding transformation rule for linear operators.
4.5.3 The Transformation Operator and its Generator
Let t be a continuous parameter. We consider a family of
unitary operators Û (t), with the properties
Û (0) = Iˆ and Û (t1 + t2 ) = Û (t1 )Û (t2 )

(4.95)

Transformations such as displacements, rotations and Lorentz
boosts clearly satisfy these properties and so it make sense to
require them in general.
Now we consider infinitesimal t. We can then write the
infinitesimal version of the unitary transformation as
dÛ
Û (t) = Iˆ +
dt

t + O(t2 )

(4.96)

t=0

Now all unitary operators must satisfy the unitarity condition
Û Û † = Iˆ for all t

(4.97)

Therefore, we have to first order in t (an infinitesimal)
#"
#
"
† (t)
d
Û
d
Û
(t)
t + . . . Iˆ +
t + ...
Û Û † = Iˆ = Iˆ +
dt
dt
t=0
t=0
"
#
† (t)
d
Û
(t)
d
Û
+
t + ...
(4.98)
= Iˆ +
dt
dt
t=0

which implies that
"

dÛ (t) dÛ † (t)
+
dt
dt

#
=0

(4.99)

t=0

If we let
dÛ (t)
dt

= −iĤ

(4.100)

t=0

then the condition (4.99) becomes
−iĤ + (iĤ)† = 0 or Ĥ = Ĥ †

(4.101)

which says that Ĥ is a Hermitian operator.
It is called the generator of the family of transformations Û (t)
because it determines these operators uniquely.

Now consider the property Û (t1 + t2 ) = Û (t1 )Û (t2 ). Taking the
appropriate partial derivative we have


d
∂
=
Û (t2 )
(4.102)
Û (t1 + t2 ))
Û (t1 )
∂t1
dt1
t1 =0
t1 =0
or

d
Û (t))
dt

= −iĤ Û (t2 )

(4.103)

t=t2

which can be written for arbitrary t as
i

dÛ (t)
= Ĥ Û (t)
dt

(4.104)

If Ĥ is not explicitly dependent on time, then this equation is
satisfied by the unique solution
Û (t) = e−iĤt

(4.105)

Thus, the generator Ĥ of the infinitesimal transformation,
determines the operator Û (t) = e−iĤt for a finite transformation.
This is just Stone’s theorem, which we discussed earlier, but now
derived in an alternative way.
We will now approach the study of various pictures using simple
methods and then repeat the process using symmetry
operations, which will clearly show the power of using the latter
approach and give us a deeper understanding about what is
happening.
4.6 The Schrodinger Picture
The Schrodinger picture follows directly from the previous
discussion of the Û (t) operator. Suppose we have some physical
system that is represented by the state vector |ψ(0)i at time
t = 0 and represented by the state vector |ψ(t)i at time t.

We ask this question. How are these state vectors related to
each other?
We make the following assumptions: 1. Every vector |ψ(0)i such
that hψ(0) | ψ(0)i = k |ψ(0)i k = 1 represents a possible state at
time t = 0.
2. Every vector |ψ(t)i such that hψ(t) | ψ(t)i = k |ψ(t)i k = 1
represents a possible state at time t = 0.
3. Every bounded Hermitian operator represents an observable or
measurable quantity.
4. The properties of the physical system determine the state
vectors to within a phase factor since keiα |ψi k = k |ψi k.

5. |ψ(t)i is determined by |ψ(0)i. Now if |ψ(0)i and |φ(0)i
represent two possible states at t = 0 and |ψ(t)i and |φ(t)i
represent the corresponding states at time t, then
| hφ(0) | ψ(0)i |2 equals the probability of finding the system in
the state represented by |φ(0)i given that the system is in the
state |ψ(0)i at t = 0 and | hφ(t) | ψ(t)i |2 equals the probability
of finding the system in the state represented by |φ(t)i given
that the system is in the state |ψ(t)i at time t.
6. It makes physical sense to assume that these two
probabilities should be the same
| hφ(0) | ψ(0)i |2 = | hφ(t) | ψ(t)i |2

(4.106)

Wigner’s theorem then says that there exists a unitary, linear
operator Û (t) such that
|ψ(t)i = Û (t) |ψ(0)i
and an expression of the form

(4.107)

| hα| Û (t) |βi |2

(4.108)

gives the probability that the system is in state |αi at time t
given that it was in state |βi at time t = 0.
This clearly agrees with our earlier assumption of the existence
of such an operator and strengthens our belief that item (6)
above is a valid assumption.
We assume that this expression is a continuous function of t. As
we have already showed (4.104), we then have Û (t) satisfying
the equation
dÛ (t)
= Ĥ Û (t)
(4.109)
i
dt
or
Û (t) = e−iĤt
(4.110)

and thus
|ψ(t)i = Û (t) |ψ(0)i = e−iĤt |ψ(0)i

(4.111)

which implies the following equation of motion for the state
vector
dÛ (t)
|ψ(0)i = Ĥ Û (t) |ψ(0)i
(4.112)
i
dt
or
d
i |ψ(t)i = Ĥ |ψ(t)i
(4.113)
dt
which is the abstract form of the famous Schrodinger equation.
We will derive the standard form of this equation later. The
operator Û (t) = e−iĤt is called the time evolution operator for
reasons that will become clear shortly.
Finally, we can write a time-dependent expectation value as
|ψ(t)i = Û (t) |ψ(0)i = e−iĤt |ψ(0)i

(4.114)

hQ̂(t)i = hψ(t)| Q̂ |ψ(t)i

(4.114)

This is the Schrodinger picture where state vectors change with
time and operators are constant in time.
As we saw in the discussion above, using the Schrodinger
picture depends on a full knowledge of the Hamiltonian operator
Ĥ. However, in the Schrodinger picture, where we need to know
Ĥ to solve the equation of motion for |ψ(t)i, the equation of
motion is such that we seem to need to know the complete
solution for all time, |ψ(t)i to deduce Ĥ. We are trapped in a
circle. Put another way, the Schrodinger equation has no
physical content unless we have an independent way to choose
the Hamiltonian operator Ĥ. Before deriving a way to choose Ĥ
(we will use a symmetry approach), we will look at the other
pictures.

We note that the Schrodinger picture is not the same as the
Schrodinger equation. The Schrodinger equation involves a
mathematical object called the wave function which is one
particular representation of the state vector, namely the position
representation, as we shall see later. Thus, the Schrodinger
equation is applicable only to Hamiltonians that describe
operators dependent on external degrees of freedom like position
and momentum. The Schrodinger picture, on the other hand,
works with both internal and external degrees of freedom and can
handle a much wider class of physical systems, as we will see.
Digression: Alternative Approach to Unitary
Translation Operators
We now consider active translations of the state vector in
space-time.

Since the length of a state vector cannot change (always
normalized to 1) in the standard probability interpretation of
quantum mechanics, active translations must be represented by
unitary operators and correspond to rotations(no change of
length) of the vectors in the Hilbert space.
We use the quantities
ψα (~r) = h~r | αi = probability amplitude
for the state |αi to be found in the state |~ri

(4.115)

for this discussion.
First, we consider translations in space. For the shifted
amplitude we write
ψα0 (~r) = ψα (~r − ρ
~) = Ûr (~
ρ)ψα (~r)
where

(4.116)

α, α0 label the state vectors
~r indicates spatial translations involved
ρ
~ is the displacement vector
The relationship above follows from the figure below (it gives
the meaning of translation in space).

Figure: Space Translation

which implies that
ψα0 (~r + ρx̂, t) = ψα (~r, t)

(4.117)

To determine the operator Ûr (~
ρ) explicitly, we have oriented the
translation vector ρ
~ parallel to the x-axis. We get
ψα (~r − ρx̂) = ψα (x − ρ, y, z)
ρ2 ∂ 2
∂
ψα (x, y, z) +
ψα (x, y, z) − . . .
∂x
2! ∂x2
∂
= e−ρ ∂x ψα (x, y, z)
(4.118)
= ψα (x, y, z) − ρ

where we have used a Taylor expansion and defined the
exponential operator by
∂

e−ρ ∂x = 1 − ρ

∂
ρ2 ∂ 2
+
− ...
∂x
2! ∂x2

(4.119)

For a translation in an arbitrary direction ρ
~, the generalization
of this result is accomplished by the replacement
ρ

∂
→ρ
~·O
∂x

(4.120)

so that
ψα (~r − ρ
~) = e−~ρ·O ψα (~r) = e−i~ρ·p̂/~ ψα (~r)

(4.121)

where we have used
p̂ = −i~O

(4.122)

Later we shall find that p̂ is the linear momentum operator.
Thus, we find that the spatial translation operator is given by
Ûr (~
ρ) = e−i~ρ·p̂/~

(4.123)

We will derive this result from first principles using symmetry
arguments shortly.
Time Displacements in Quantum Mechanics
We now investigate the time displacement of a state function
ψα (~r, t) by a time interval τ as shown in the figure below.

Figure: Time Translation

As before, we have
ψα0 (~r, t + τ ) = ψα (~r, t)

(4.124)

We now represent this transformation with a unitary operator
Ût (τ ) such that
ψα0 (~r, t) = Ût (τ )ψα (~r, t) = ψα (~r, t − τ )

(4.125)

We again make a Taylor expansion to get
Ût (τ )ψα (~r, t) = ψα (~r, t) + (−τ )
∂

= e−τ ∂t ψα (~r, t)

∂
(−τ )2 ∂ 2
ψα (~r, t) +
ψα (~r, t) − . . .
∂t
2! ∂t2
(4.126)

It follows that
∂

Ût (τ ) = e−τ ∂t = eiτ Ê/~ = eiτ Ĥ/~

(4.127)

where we have used
Ê = Ĥ = i~

∂
∂t

(4.128)

Later we shall find that Ê = Ĥ is the energy or Hamiltonian
operator.
We find that the time evolution operator for state vectors(kets)
is given as follows
~r, t, α0 = eiĤτ /~ |~r, t, αi = |~r, t − τ, αi

(4.129)

eiĤτ /~ |~r, t + τ, αi = |~r, t, αi

(4.130)

|~r, t + τ, αi = e−iĤτ /~ |~r, t, αi

(4.131)

|~r, τ, αi = e−iĤτ /~ |~r, 0, αi

(4.132)

|~r, t, αi = e−iĤt/~ |~r, 0, αi

(4.133)

A result identical to our earlier derivation (4.110).
4.7 The Heisenberg Picture
As we saw earlier, we can think of the expectation value in two
different ways, namely,
|ψ(t)i = Û (t) |ψ(0)i = e−iĤt |ψ(0)i

(4.134)

hQ̂(t)i = hψ(t)| Q̂ |ψ(t)i = hψ(0)| Û † (t)Q̂Û (t) |ψ(0)i
= hψ(0)| Q̂(t) |ψ(0)i

(4.135)

where
Q̂(t) = Û (t)† Q̂Û (t) = Û † (t)Q̂(0)Û (t) = eiĤt Q̂e−iĤt

(4.136)

This implies that in the Heisenberg picture operators change
with time and states are constant in time.
Now Û (t) is a unitary, linear operator. This means that the
transformation preserves these properties:
1. Q̂(0) bounded → Q̂(t) bounded
2. Q̂(0) Hermitian → Q̂(t) Hermitian
3. Q̂(0) positive → Q̂(t) positive
4. Q̂(0) and Q̂(t) have the same spectrum
In addition, if the spectral decomposition of Q̂(0) give the
projection operators Êx (0), then the spectral decomposition of
Q̂(0) give the projection operators Êx (t) = eiĤt Êx (0)e−iĤt .
This follows from:

Z

∞

x d hφ| Êx (t) |ψi = hφ| eiĤt Q̂(0)e−iĤt |ψi
Z ∞
= hφ(t)| Q̂(0) |ψ(t)i =
x d hφ(t)| Êx (0) |ψ(t)i
−∞
Z ∞
=
x d hφ| eiĤt Êx (0)e−iĤt |ψi
(4.137)

hφ|Q̂(t) |ψi =

−∞

−∞

For a function F of Q̂(t) we have
Z ∞
hφ|F (Q̂(t)) |ψi =
F (x) d hφ| Êx (t) |ψi
−∞
Z ∞
=
F (x) d hφ| eiĤt Êx (0)e−iĤt |ψi
Z−∞
∞
F (x) d hφ(t)| Êx (0) |ψ(t)i
=
−∞

= hφ(t)| F (Q̂(0)) |ψ(t)i = hφ| eiĤt F (Q̂(0))e−iĤt |ψi (4.138)

or
F (Q̂(t)) = eiĤt F (Q̂(0))e−iĤt

(4.139)

If {Q̂i (0)} represents a complete set of mutually commuting
Hermitian operators, then {Q̂i (t)} is also a complete set of
mutually commuting Hermitian operators. In addition,
F ({Q̂i (t)}) = eiĤt F ({Q̂i (0)})e−iĤt

(4.140)

and all algebraic relations between non-commuting operators
are preserved in time.
Since [f (Q̂, Q̂] = 0 we have
Û † (t)Ĥ Û (t) = eiĤt Ĥe−iĤt = Ĥ

(4.141)

which implies that Ĥ, the Hamiltonian operator is a constant of
the motion (in time).

4.8 Interaction Picture
We have derived the equation
i

d
|ψ(t)i = Ĥ(t) |ψ(t)i
dt

(4.142)

Now let us assume that Ĥ can be split up as follows:
Ĥ(t) = Ĥ0 + V̂ (t)

(4.143)

where Ĥ0 is independent of t. This will be possible in many real
physical systems. Note that the equation
i

dÛ (t)
= Ĥ(t)Û (t)
dt

(4.144)

does not have the simple solution
Û (t) = e−iĤt
in this case.

(4.145)

We now define a new state vector by the relation
|ψI (t)i = eiĤ0 t |ψ(t)i

(4.146)

Taking derivatives we get
i

d
d
d
|ψI (t)i = i (eiĤ0 t |ψ(t)i) = −eiĤ0 t Ĥ0 |ψI (t)i + eiĤ0 t i |ψ(t)i
dt
dt
dt
iĤ0 t
iĤ0 t
iĤ0 t
= −e
Ĥ0 |ψI (t)i + e
Ĥ |ψ(t)i = e
V̂ |ψ(t)i
= eiĤ0 t V̂ e−iĤ0 t eiĤ0 t |ψ(t)i

(4.147)

or

d
|ψI (t)i = V̂I (t) |ψI (t)i
dt
where we have defined
i

V̂I (t) = eiĤ0 t V̂ e−iĤ0 t

(4.148)

(4.149)

We then have
hQ̂(t)i = hψ(t)| Q̂ |ψ(t)i = hψI (t)| eiĤ0 t Q̂e−iĤ0 t |ψI (t)i
= hψI (t)| Q̂I (t) |ψI (t)i

(4.150)

This says that in the interaction picture both the state vectors
and the operators are dependent on time. Their time
development, however, depends on different parts of Ĥ. The
state vector time development depends on V̂I (t) and the
operator time development depends on Ĥ0 . It is, in some sense,
intermediate between the Schrodinger and Heisenberg picture.
The question still remains, however, how do we find Ĥ ?
We now turn to a more general approach based on symmetries
to get a handle on how to deal with this problem.

4.9 Symmetries of Space-Time
Since we are only considering non-relativistic quantum
mechanics at this stage, we will restrict our attention to
velocities that are small compared to the speed of light.
In this case, the set of all displacements in space-time, rotations
in space and Galilean boosts(Lorentz boosts in the low velocity
limit) can be represented by transformations where
~x → ~x0 = R~x + ~a + ~v t ,

t0 = t + s

(4.151)

where R is a rotation of the real 3-vectors ~x in 3-dimensional
space, ~a is a real 3-vector that specifies space translations, ~v is a
real 3-vector that represents the velocity of a moving coordinate
system and specifies the Galilean transformations, and the real
number s specifies the time translation.
R can be thought of as a 3 × 3 matrix such that under a pure
rotation
X
~x0 = R~x or x0j =
Rji xi
(4.152)

 0 
 
x1
R11 R12 R13
x1
x02  = R21 R22 R23  x2 
x03
R31 R32 R33
x3

(4.153)

For example, a rotation by angle θ about the x3 (or z)-axis is
given by


cos θ sin θ 0
R3 (θ) = − sin θ cos θ 0
(4.154)
0
0
1
or
x01 = x1 cos θ + x2 sin θ
x02 = −x1 sin θ + x2 cos θ
x03 = x3
which corresponds to the figure below.

(4.155)

Figure: Rotation about z-axis

If we let T1 and T2 be two such transformations, then T1 T2 is
the transformation corresponding to T2 followed by T1 .

A set of transformations forms a group when:
1. The product of two transformation in the group is also a
transformation in the group.
2. The product is associative T3 (T2 T1 ) = (T3 T2 T1 ).
3. An identity transformation T0 exists such that ~x → ~x and
t → t or T0 T = T = T T0 for all transformations T .
4. An inverse transformation T −1 exists for every
transformation such that T −1 T = T0 = T T −1 .
A subset of transformations T (τ ) depending on a real parameter
τ is called a one-parameter subgroup if T0 = the identity and
T (τ1 + τ2 ) = T (τ1 )T (τ2 ). Rotations about a fixed axis, as we
saw above, form a one-parameter subgroup where the parameter
is the angle of rotation.
Since products of the transformations from the three
one-parameter subgroups, which correspond to rotations about
the 1−, 2−, and 3−axes separately, include all possible
rotations, there are three independent parameters(three angles)
describing all rotations (remember the Euler angles.).

The total group of transformations has 10 parameters
1. rotations = 3 (3 angles)
2. space translations = 3 (3 components of ~a)
3. Galilean boosts = 3 (3 components of ~v )
4. time translation = 1 (parameter s)
Each of these ten parameters corresponds to a one-parameter
subgroup. A ten-parameter group transformation is then defined
by the product of ten one-parameter subgroup transformations.
This means that in our discussions we need only consider the
properties of one-parameter subgroup transformations in order
to understand general group transformations.
In our earlier discussion we have already covered part of this
topic when we derived the time evolution operator Û (t), which
clearly corresponds to the time translation transformation.

Our earlier results tell us that for each of the ten
transformations there exists a linear, unitary operator Û (τ ) on
the state vectors and observables such that
|ψi → ψ 0 = Û (τ ) |ψi and Q̂ → Q̂0 = Û (τ )Q̂Û −1 (τ )

(4.156)

where Û (τ ) takes the general form
Û (τ ) = eiτ Ĝ

(4.157)

and Ĝ = a Hermitian operator = the generator of the
transformation.
The time evolution operator we derived earlier is a good
example:
if |ψ(t)i = state vector at time t, then for t0 = t + s
ψ(t0 ) = eiτ Ĥ |ψ(t)i

(4.158)

4.10 Generators of the Group Transformations
In general we can write
Û (sµ ) =

10
Y

eisµ K̂µ

(4.159)

µ=1

where the different sµ represent the ten parameters defining the
group transformation represented by the operator Û (sµ ) and
K̂µ = K̂µ† = the Hermitian generators (there are 10)

(4.160)

Now, let all the parameters become infinitesimally small so that
we get infinitesimal unitary operators of the form (expanding
the exponentials)
Û (sµ ) =

10
Y
µ=1

eisµ K̂µ =

10
Y

(Iˆ + isµ K̂µ )

µ=1

(4.161)

or to first order in the parameters sµ ,
Û = Iˆ + i

10
X

sµ K̂µ

(4.162)

µ=1

Note that the inverse transformation corresponding to eisµ K̂µ is
e−isµ K̂µ .
We now construct the product transformation consisting of two
infinitesimal transformations followed by their inverses to get
eiK̂µ eiK̂ν e−iK̂µ e−iK̂ν = Iˆ + 2 [K̂ν , K̂µ ] + O(3 )

(4.163)

where
[K̂ν , K̂µ ] = K̂ν K̂µ − K̂µ K̂ν = commutator

(4.164)

The algebraic steps involved are shown below.
eiK̂µ eiK̂ν e−iK̂µ e−iK̂ν



1 2 2
1 2 2
ˆ
ˆ
I + iK̂ν −  K̂ν ×
= I + iK̂µ −  K̂µ
2
2



1 2 2
1 2 2
ˆ
ˆ
I − iK̂µ −  K̂µ
I − iK̂ν −  K̂ν
2
2


1 2 2
2
2
ˆ
= I + i(K̂µ + K̂ν ) −  K̂µ K̂ν −  (K̂µ + K̂ν ) ×
2


1 2 2
2
2
ˆ
I − i(K̂µ + K̂ν ) −  K̂µ K̂ν −  (K̂µ + K̂ν )
2
1
= (Iˆ + i(K̂µ + K̂ν ) − 2 K̂µ K̂ν − 2 (K̂µ2 + K̂ν2 )
2
1
−i(K̂µ + K̂ν ) − 2 K̂µ K̂ν − 2 (K̂µ2 + K̂ν2 )
2
+(i(K̂µ + K̂ν ))(−i(K̂µ + K̂ν ))

ˆ 2 K̂µ2 −2 K̂ν2 −22 K̂µ K̂ν +2 K̂µ2 +2 K̂ν2 +2 K̂µ K̂ν +2 K̂ν K̂µ
= I−
ˆ 2 K̂ν K̂µ −2 K̂µ K̂ν
= I+
= Iˆ+2 [K̂ν , K̂µ ]+O(3 )
We have expanded to 2nd order in  in this derivation to
explicitly see all the higher order terms cancel out. In general,
this is not necessary.
But remember that these transformations are part of a group
and therefore the product of the four transformations must also
be a transformation Ŵ in the same group. Actually, it only
needs to be a member of the group to within an arbitrary phase
factor of the form eiα (remember that the unitary
transformations only need to preserve | hφ | ψi |). We then have
eiα Ŵ = Iˆ + 2 [K̂ν , K̂µ ]
(4.165)
!
X
(1 + iα) Iˆ + i
sµ K̂µ = Iˆ + 2 [K̂ν , K̂µ ]
(4.166)
µ

iαIˆ + i

X

sµ K̂µ = 2 [K̂ν , K̂µ ]

(4.167)

µ

where we have used
Ŵ = ei

P

µ sµ K̂µ

(4.168)

and expanded all the exponentials on the left-hand side of the
equation to first order.
Therefore, the most general mathematical statement that we
can make based on this result is that the commutator must take
the form
X
[K̂ν , K̂µ ] = i
cλµν K̂µ + ibµν Iˆ
(4.169)
λ

where the real numbers cλµν = the structure constants (of the
group) and the term involving the identity operator just
corresponds to the existence of an arbitrary phase factor. The
structure factors and the b’s are completely determined by the
group algebra as we shall see.

By convention, we define the transformations as follows:
1. Rotation about the α-axis (α = 1, 2, 3)
~x → Rα (θα )~x

(4.170)

corresponds to the group operator
ˆ

Û = e−iθα Jα

(4.171)

where Jˆα = generators (α = 1, 2, 3)
2. Displacement along the α-axis (α = 1, 2, 3)
xα → xα + aα

(4.172)

corresponds to the group operator
Û = e−iaα P̂α
where P̂α = generators (α = 1, 2, 3)

(4.173)

3. Velocity boost along the α-axis (α = 1, 2, 3)
xα → xα + vα t

(4.174)

corresponds to the group operator
Û = eivα Ĝα

(4.175)

where Ĝα = generators (α = 1, 2, 3)
4. Time displacement
t→t+s

(4.176)

corresponds to the group operator
Û = eisĤ
where Ĥ = generator = Hamiltonian

(4.177)

4.11 Commutators and Identities
Initially, we will ignore the extra Iˆ term in the equation(6.169)
below
X
[K̂ν , K̂µ ] = i
cλµν K̂µ + ibµν Iˆ
(4.178)
λ

in our discussions and then include its effect(if any) later on.
We can determine some of the commutators using physical
arguments as follows: 1. space displacements along different
axes are independent of each other which implies that
[P̂α , P̂β ] = 0

(4.179)

2. space displacements are independent of time displacements
which implies that
[P̂α , Ĥ] = 0
(4.180)

3. velocity boosts along different axes are independent of each
other which implies that
[Ĝα , Ĝβ ] = 0

(4.181)

4. rotations are independent of time displacements which
implies that
[Jˆα , Ĥ] = 0
(4.182)
5. space displacements and velocity boosts along a given axis
are independent of rotations about that axis
[Jˆα , P̂α ] = 0 = [Jˆα , Ĝα ]

(4.183)

[Ĥ, Ĥ] = 0

(4.184)

6. obviously

This leaves us to consider these remaining unknown
commutators:
[Jˆα , P̂β ], [Ĝα , Ĥ], [Jˆα , Jˆβ ], [Ĝα , Jˆβ ], [Ĝα , P̂β ]

(4.185)

Let us consider [Ĝ1 , Ĥ] first.
The general procedure is as follows. We write down a product of
four operators consisting of the product of two operators
representing a velocity boost in the 1-direction and a time
translation and their inverses (as we did earlier).
Now these four successive transformation correspond to these
changes of the coordinates:
(x1 , x2 , x3 , t) → (x1 − t, x2 , x3 , t)
→ (x1 − t, x2 , x3 , t − )

Time translation - only affects t

→ (x1 − t + (t − ), x2 , x3 , t − )
2

→ (x1 −  , x2 , x3 , t)

Lorentz boost at time t
Lorentz boost at time t-

Time translation - only affects t

This last result just corresponds to a space displacement −2
along the 1-axis, so equating the product of four
transformations to a space translation, we have the result
eiĤ eiĜ1 e−iĤ e−iĜ1
= (Iˆ + iĤ)(Iˆ + iĜ1 )(Iˆ − iĤ)(Iˆ − iĜ1 )
= Iˆ + 2 [Ĝ1 , Ĥ] + O(3 )
2 )P̂
1

= e−i(−

= Iˆ + i2 P̂1

so that we find the result for the commutator
[Ĝ1 , Ĥ] = iP̂1

(4.186)

In general, we get (using this same procedure)
[Ĝα , Ĥ] = iP̂α

(4.187)

So we have determined one of the unknown commutators.

Now let us determine [Jˆα , Jˆβ ] using the same type of procedure.
For a rotation we saw that
X
xj →
Rjk xk
(4.188)
k

where



1
0
0
R1 (θ) = 0 cos θ sin θ 
0 − sin θ cos θ


cos θ 0 − sin θ
1
0 
R2 (θ) =  0
sin θ 0 cos θ


cos θ sin θ 0
R3 (θ) = − sin θ cos θ 0
0
0
1

(4.189)

(4.190)

(4.191)

For small θ we have
Rα (θ) = Iˆ − iθMα

(4.192)

where Mα is determined by expanding the exponential to 1st
order as
dRα
(4.193)
Mα = i
dθ θ=0


0 0 0
M1 (θ) = 0 0 i 
(4.194)
0 −i 0


0 0 −i
M2 (θ) = 0 0 0 
(4.195)
i 0 0


0 i 0
M3 (θ) = −i 0 0
(4.196)
0 0 0

Then we have
R2 (−)R1 (−)R2 ()R1 ()
= Iˆ + 2 [M1 , M2 ] = Iˆ + i2 M3
= R3 (−2 )

(4.197)

or the product of four rotations is equivalent to a single
rotation, which implies that
[Jˆ1 , Jˆ2 ] = iJˆ3

(4.198)

[Jˆα , Jˆβ ] = iαβγ Jˆγ

(4.199)

and in general
where we are using the Einstein summation convention for
repeated indices and αβγ is the antisymmetric permutation
symbol we introduced earlier with the properties

αβγ



if αβγ is an even permutation of 123
1
= −1 if αβγ is an odd permutation of 123


0
if any two indices are the same

(4.200)

Finally, we consider
ˆ

ˆ

eiĜ2 eiJ1 e−iĜ2 e−iJ1
= (Iˆ + iG2 )(Iˆ + iĜ1 )(Iˆ − iG2 )(Iˆ − iĜ1 )
= Iˆ + 2 [Jˆ1 , Ĝ2 ] + O(3 )

(4.201)

This involves a rotation by  about the 1-axis and a velocity
boost of  along the 2-axis. This product transformation
changes the coordinates as follows:
(x1 , x2 , x3 ) → (x1 , x2 cos  + x3 sin , −x2 sin  + x3 cos )
→ (x1 , x2 cos  + x3 sin  − t, −x2 sin  + x3 cos )
→ (x1 , x2 + t cos , x3 + tsin)
→ (x1 , x2 , x3 + 2 t) to 2nd order in 

This is the same as
ei

2 Ĝ
3

= Iˆ + i2 Ĝ3

(4.202)

Thus, we have
[Jˆ1 , Ĝ2 ] = iĜ3

(4.203)

[Jˆα , Ĝβ ] = iαβγ Ĝγ

(4.204)

[Jˆα , P̂β ] = iαβγ P̂γ

(4.205)

or in general,
In a similar way,
Summarizing so far we have
[P̂α , P̂β ] = 0 , [P̂α , Ĥ] = 0 , [Ĝα , Ĝβ ] = 0 , [Jˆα , Ĥ] = 0 (4.206)
[Jˆα , P̂α ] = 0 , [Jˆα , Ĝα ] = 0 , [Ĥ, Ĥ] = 0
[Ĝα , Ĥ] = iP̂α , [Jˆα , Jˆβ ] = iαβγ Jˆγ
[Jˆα , Ĝβ ] = iαβγ Ĝγ , [Jˆα , P̂β ] = iαβγ P̂γ

(4.207)
(4.208)
(4.209)

Before figuring out the last unknown commutator [Ĝα , P̂β ], we
need to see whether the additional Iˆ term has an effect on any
of the commutators we have already determined.
There are two relations, which are true for all commutators,
that we will need to use.
Commutators are antisymmetric so that
[Â, B̂] = −[B̂, Â]

(4.210)

and they satisfy Jacobi’s identity which is
[[Â, B̂], Ĉ] = [[Ĉ, B̂], Â] + [[Â, Ĉ], B̂]

(4.211)

These identities, as we shall see, limit the possible multiples of Iˆ
that can be present. So we now assume that each commutator
ˆ
has an additional multiple of I.

ˆ where we have added a multiple
Thus, using [Jˆ1 , P̂2 ] = iP̂3 − cI,
ˆ
of I. We then have
ˆ P̂1 ] = [[Jˆ1 , P̂2 ], P̂1 ]
i[P̂3 , P̂1 ] = [[Jˆ1 , P̂2 ], P̂1 ] + [cI,
= [[P̂1 , P̂2 ], Jˆ1 ] + [[Jˆ1 , P̂1 ], P̂2 ]
Now, [P̂1 , P̂2 ] = 0 and [Jˆ1 , P̂1 ] = 0, therefore [P̂3 , P̂1 ] = 0 and no
additional multiple of Iˆ is needed in this commutator.
Everything is consistent without it!
In a similar manner we can show that
[P̂α , P̂β ] = 0 , [P̂α , Ĥ] = 0 , [Ĝα , Ĝβ ] = 0 , [Jˆα , Ĥ] = 0 (4.212)
so that no additional multiple of Iˆ is needed in any of these
commutators.

Since [Jˆα , Jˆβ ] = −[Jˆβ , Jˆα ], if the commutator [Jˆα , Jˆβ ] is going to
ˆ then the constant must be
contain an extra multiple of I,
antisymmetric also. Therefore we must have
[Jˆα , Jˆβ ] = iαβγ Jˆγ + iαβγ bγ Iˆ
ˆ then we get the original
If we redefine Jˆα → Jˆα + bα I,
commutator back
[Jˆα , Jˆβ ] = iαβγ Jˆγ

(4.213)

(4.214)

This change of definition implies that the transformation
operator becomes
ˆ

ˆ

Ûα (θ) = e−iθJα → e−iθJα e−iθbα

(4.215)

and thus |ψ 0 i = Û |ψi changes to eiθbα |ψ 0 i = Û |ψi. Since overall
phase factors for the state vector do not change any physics we
can ignore the extra Iˆ terms in this case. They do not change
any real physics content!
In a similar manner, we show that

[Ĝα , Ĥ] = iP̂α , [Jˆα , Ĝβ ] = iαβγ Ĝγ , [Jˆα , P̂β ] = iαβγ P̂γ
(4.216)
so that no additional multiple of Iˆ is needed in any of these
commutators.
Finally, we are left to consider the unknown commutator
ˆ P̂1 ] = 0 we have
[Ĝα , P̂β ]. Now using the fact that [cI,
ˆ P̂1 ] = [[Jˆ1 , Ĝ2 ], P̂1 ]
i[Ĝ3 , P̂1 ] = [[Jˆ1 , Ĝ2 ], P̂1 ] + [cI,
= [[P̂1 , Ĝ2 ], Jˆ1 ] + [[Jˆ1 , P̂1 ], Ĝ2 ] = [[P̂1 , Ĝ2 ], Jˆ1 ] (4.217)
which has the solution
[Ĝα , P̂β ] = 0 α 6= β

(4.218)

In addition, we have
ˆ P̂3 ] = [[Jˆ1 , Ĝ2 ], P̂3 ]
i[Ĝ3 , P̂3 ] = [[Jˆ1 , Ĝ2 ], P̂3 ] + [cI,
= [[P̂3 , Ĝ2 ], Jˆ1 ] + [[Jˆ1 , P̂3 ], Ĝ2 ]
= −i[P̂2 , Ĝ2 ]

(4.219)

or
[Ĝ3 , P̂3 ] = [Ĝ2 , P̂2 ]

(4.220)

[Ĝα , P̂α ] = [Ĝβ , P̂β ]

(4.221)

and, in general
The only way to satisfy all of these commutators is to have the
result
[Ĝα , P̂β ] = δαβ M Iˆ
(4.222)
The value of M is undetermined. It cannot be eliminated by
including multiples of Iˆ in any of the other commutators. It
must have some real physical significance and we will identify it
shortly.
4.12 Identification of Operators with Observables
We now use the dynamics of a free particle, which is a physical
system that is invariant under the Galilei group of space-time
transformations, to identify the operators representing the
dynamical variables or observables in that case. This section
follows and expands on the work of Jordan(1975).

We assume that there exists a position operator (as we discussed
earlier)
Q̂ = (Q̂1 , Q̂2 , Q̂3 )
(4.223)
(boldface = multi-component or vector operator) where
Q̂α |~xi = xα |~xi

,

α = 1, 2, 3

(4.224)

The position operator has an unbounded (−∞ < xα < ∞),
continuous spectrum. The three operators Q̂α have a common
set of eigenvectors and, thus, they commute
[Q̂α , Q̂β ] = 0

(4.225)

We now assume that there also exists a velocity operator
V̂ = (V̂1 , V̂2 , V̂3 )
such that we can make the following statement about
expectation values (this is an assumption)

(4.226)

d
hQ̂i = hV̂i
dt

(4.227)

for any state vector.
It is important to note that each treatment of quantum
mechanics must make some assumption at this point.
Although, they might outwardly look like different
assumptions, they clearly must be equivalent since they
result in the same theory with the same predictions.
For a pure state |ψ(t)i we would then have

d 
hψ(t)| Q̂ |ψ(t)i
dt



d
d
=
hψ(t)| Q̂ |ψ(t)i + hψ(t)| Q̂
|ψ(t)i
dt
dt
(4.228)

hψ(t)| V̂ |ψ(t)i =

Now a time displacement corresponds to t → t0 = t + s. To use
this transformation, we first have to figure out a rule for the
transformation of the ket vector argument. When we represent
the abstract vector |ψi as a function of space-time we must be
very careful about defining its properties. We derived this result
earlier, but it is so important that we do it again here.
Given |ψi, we have seen that
ψ(~x, t) = h~x, t | ψi

(4.229)

Operating on the abstract vector with the time translation
operator eisĤ |ψi then gives
h~x, t| eisĤ |ψi

(4.230)

e−isĤ |~x, ti = |~x, t − si

(4.231)

Now

and therefore we get
h~x, t| eisĤ |ψi = h~x, t − s | ψi = ψ(~x, t − s)

(4.232)

or
|ψ(t)i → eisĤ |ψ(t)i = |ψ(t − s)i

(4.233)

Here we have taken the so-called active point of view that the
state is translated relative to a fixed coordinate system.
Now, we let s = t to get
|ψ(t)i → eitĤ |ψ(t)i = |ψ(0)i

(4.234)

|ψ(t)i = e−itĤ |ψ(0)i

(4.235)

d
|ψ(t)i = −iĤ |ψ(t)i
dt

(4.236)

or
and

as we had already found in an earlier discussion. Using this
result in (6.228) we then find
hψ(t)| V̂ |ψ(t)i = i hψ(t)| Ĥ Q̂ |ψ(t)i − i hψ(t)| Q̂Ĥ |ψ(t)i
= i hψ(t)| [Ĥ, Q̂] |ψ(t)i

(4.237)

which says that
V̂ = i[Ĥ, Q̂]

(4.238)

is a valid velocity operator for a free particle.
However, since we do not know Ĥ, we are still stuck at the
starting line.
Now a space displacement ~x → ~x0 = ~x + ~a corresponds to
|~xi → ~x0 = e−i

P

α

aα P̂α

|~xi = |~x + ~ai

(4.239)

Again, in this active point of view, the state is displaced relative
to a fixed coordinate system.

We then have, from our earlier discussion
Q̂ → Q̂0 = e−i

P

α

aα P̂α

Q̂ei

P

α

aα P̂α

(4.240)

where
Q̂0α |~xi0 = xα |~xi0 or Q̂0α |~x + ~ai = xα |~x + ~ai

(4.241)

Q̂α |~xi = xα |~xi or Q̂α |~x + ~ai = (xα + aα ) |~x + ~ai

(4.242)

Since

we must have
ˆ |~x + ~ai = xα |~x + ~ai
(Q̂α − aα I)

(4.243)

Q̂0α = Q̂α − aα Iˆ or Q̂0 = Q̂ − ~aIˆ

(4.244)

which says that

Now we need to work out how to use an operator of the form
eiuÂ B̂e−iuÂ

(4.245)

There are two ways to do this. The first way recognizes that it
is the solution of the 1st -order linear differential equation
i

d iuÂ −iuÂ
e B̂e
= −eiuÂ ÂB̂e−iuÂ + eiuÂ B̂ Âe−iuÂ
du
= eiuÂ [Â, B̂]e−iuÂ = [eiuÂ B̂e−iuÂ , Â]

(4.246)

with boundary condition
eiuÂ B̂e−iuÂ = B̂ at u = 0

(4.247)

A second way is to expand the exponentials in power series and
regroup the terms. In both cases, we get
eiuÂ B̂e−iuÂ = B̂ − iu[B̂, Â] −

u2
[[B̂, Â], Â] − . . .
2!

(4.248)

Using this last relation we can find useful results like
ˆ

ˆ

eiuJ1 Jˆ3 e−iuJ1 = Jˆ3 − iu[Jˆ3 , Jˆ1 ] −

u2 ˆ ˆ ˆ
[[J3 , J1 ], J1 ] − . . .
2!

u2 ˆ ˆ
[iJ2 , J1 ] − . . .
2!
u2
u3
u4
= Jˆ3 + uJˆ2 − Jˆ3 − Jˆ2 + Jˆ3 − . . .
2!
3! 
4!


4
3
5
2
u
u
u
u
+
− . . . + Jˆ2 u −
+
− ...
= Jˆ3 1 −
2!
4!
3!
5!
= Jˆ3 cos u + Jˆ2 sin u
(4.249)
= Jˆ3 − iu(iJˆ2 ) −

Now we finally arrive at the result we are looking for
Q̂0α = Q̂α − aα Iˆ = e−i

P

β

Q̂α ei

X

aβ [Q̂α , P̂β ] + . . .

= Q̂α + i

β

which implies that

P

aβ P̂β

β

aβ P̂β

(4.250)

[Q̂α , P̂β ] = iδαβ Iˆ

(4.251)

This solution, not only satisfies the equation to 1st -order as
above, but implies that all higher order terms are explicitly
equal to zero. Thus, the solution is exact.
This equation is one of the most important results in
the theory of quantum mechanics.
Now we continue the derivation of that last elusive commutator.
A rotation through an infinitesimal angle θ about an axis along
the unit vector n̂ has the effect
~x → ~x0 = ~x + θn̂ × ~x

(4.252)

The corresponding transformation of the position eigenvectors is
|~xi → ~x0 = e−iθn̂·Ĵ |~xi

(4.253)

and for the position operator
Q̂α → Q̂0α = e−iθn̂·Ĵ Q̂α eiθn̂·Ĵ
= Q̂α − iθ[n̂ · Ĵ, Q̂α ] + O(θ2 )

(4.254)

We note that |~x0 i = an eigenvector of Q̂0 and |~xi = an
eigenvector of Q̂ (different eigenvalues), but they are the same
vector! (think about rotations of the axes).
Now as before (4.241) and (4.242),
Q̂0α |~xi0 = xα |~xi0

(4.255)

Q̂α ~x0 = x0α ~x0 = (~x + θn̂ × ~x)α ~x0
= (Q̂0 + θn̂ × Q̂0 )α |~xi0

(4.256)

Now since the vectors |~x0 i = |~xi0 are a complete set, we must
have
Q̂ = Q̂0 + θn̂ × Q̂0
(4.257)
or inverting this expression to 1st -order we have
Q̂0 = Q̂ − θn̂ × Q̂

(4.258)

[n̂ · Ĵ, Q̂α ] = −in̂ × Q̂

(4.259)

Therefore, we find

For an arbitrary unit vector û this says that
[n̂ · Ĵ, û · Q̂α ] = −iû · (n̂ × Q̂) = i(n̂ × û) · Q̂

(4.260)

[Jˆα , Q̂β ] = i(êα × êβ ) · Q̂ = i(αβγ êγ ) · Q̂ = iαβγ Q̂γ

(4.261)

or

We note that this result is not only true for the components of
the position operator, but it is true for the components of any
vector operator Â.
[Jˆα , Âβ ] = iαβγ Âγ

(4.262)

In a similar manner, since Ĝ generates a displacement in
velocity space and we have
V̂0 = V̂ − ~v Iˆ = ei~v·Ĝ V̂e−i~v·Ĝ

(4.263)

This is the same way the Q̂ and P̂ operators behaved earlier.
Now the unitary operator Û (~v ) = ei~v·Ĝ describes the
instantaneous (t = 0) effect of a transformation to a frame of
reference moving at velocity ~v with respect to the original
frame. It affects the V̂ operator as in (4.263). Due to its
instantaneous nature we must also have

Û Q̂Û −1 = Q̂ or [Ĝα , Q̂β ] = 0

(4.264)

Now, Q̂, the position operator, is clearly identified with an
observable of the physical state. After much work we have
determined the commutators of Q̂ with all the symmetry
generators of the Galilei group. We now have
[Ĝα , Q̂β ] = 0 ,

[Ĝα , P̂β ] = iδαβ M Iˆ ,

[Q̂α , P̂β ] = iδαβ Iˆ
(4.265)

A possible solution of these equations is
Ĝα = M Q̂α

(4.266)

We cannot show this is a unique solution. We note,
however, at this point that it is certainly true (using the
commutators in (6.265)) that
[Ĝ − M Q̂, P̂] = 0 and [Ĝ − M Q̂, Q̂] = 0

(4.267)

We must now turn to special cases in order to learn more about
the physical meaning of the generators.
Before discussing the special cases, we must again digress to
review some mathematics discussed earlier and also cover some
new mathematical ideas that we will need.
A subspace M reduces a linear operator Â if Â |ψi is in M for
every |ψi in M and Â |φi is in M ⊥ for every |φi in M ⊥ .
A set of operators is reducible if there is a subspace, other than
the whole space or the subspace containing only the null vector,
which reduces every operator in the set. Otherwise, we say that
the set is irreducible.
A subspace M is invariant under a set of operators if Â |ψi is in
M for every operator in the set and every vector in M .
Thus, a subspace M reduces a set of operators if and only if M
and M ⊥ are invariant under the set of operators.

A set of operators is symmetric if Â† is in the set for every
operator Â in the set.
If a subspace is invariant under a symmetric set of operators,
then it reduces the set of operators.
Schur’s Lemma
A symmetric set of bounded or Hermitian operators is
irreducible if and only if multiples of Iˆ are the only bounded
operators which commute with all operators in the set.
Example 0: The commutator [Q̂α , Q̂β ] = 0 says that the set of
operators {Q̂α , α = 1, 2, 3} is a complete set of commuting
operators. Since [Q̂α , P̂β ] = iδαβ Iˆ any function of Q̂α that
ˆ Therefore, the
commutes with the P̂α must be a multiple of I.
set {Q̂1 , Q̂2 , Q̂3 , P̂1 , P̂2 , P̂3 } is irreducible.

In other words, if an operator commutes with the Q̂α , then it is
not a function of P̂α since [Q̂α , P̂β ] 6= 0. If an operator
commutes with the P̂α , then it is not a function of Q̂α , for the
same reason. If an operator is independent of the set {Q̂α , P̂β }
and there are no internal(not dependent on {Q̂α , P̂β }) degrees of
ˆ
freedom, then it must be a multiple of I.
Example 1 : Free Particle - no internal degrees of
freedom
Now, as we stated earlier (4.267) that
[Ĝ − M Q̂, P̂] = 0 and [Ĝ − M Q̂, Q̂] = 0

(4.268)

and therefore
Ĝ − M Q̂ = multiple of Iˆ

(4.269)

or
Ĝα = M Q̂α + cα Iˆ

(4.270)

But Ĝα is a component of a vector operator and therefore it
must satisfy
[Jˆα , Ĝβ ] = iαβγ Ĝγ
(4.271)
The first term M Q̂α satisfies this relation, but the cα Iˆ term
cannot unless we choose cα = 0.
Therefore, we do not have any extra multiples of Iˆ and we find
that
Ĝα = M Q̂α
(4.272)
when there are no internal degrees of freedom.
In a similar manner, we can show that
[Ĵ − Q̂ × P̂, P̂] = 0 and [Ĵ − Q̂ × P̂, Q̂] = 0
which then implies that

(4.273)

Ĵ − Q̂ × P̂ = ~cIˆ

(4.274)

[Jˆα , Jˆβ ] = iαβγ Jˆγ

(4.275)

But since
again we are forced to choose ~c = 0 and thus
Ĵ = Q̂ × P̂

(4.276)

when there are no internal degrees of freedom.
The remaining generator we need to identify is Ĥ. It must
satisfy
[Ĝα , Ĥ] = iP̂α → [M Q̂α , Ĥ] = iP̂α → [Q̂α , Ĥ] = i

P̂α
M

(4.277)

A solution of this equation is given by
Ĥ =
as can be seen below

P̂ · P̂
P̂2
=
2M
2M

(4.278)


Q̂α ,

1 2
P̂
2M






X
1
1 X
= Q̂α ,
[Q̂α , P̂β2 ]
P̂β2  =
2M
2M
β

β

1 X
=
(Q̂α P̂β2 − P̂β2 Q̂α )
2M
β

1 X
(Q̂α P̂β P̂β − P̂β P̂β Q̂α )
=
2M
β

1 X
ˆ
=
(Q̂α P̂β P̂β − P̂β (Q̂α P̂β − iδαβ I))
2M
β

1 X
=
(Q̂α P̂β P̂β − P̂β Q̂α P̂β + iδαβ P̂β )
2M
β

1 X
ˆ P̂β + iδαβ P̂β )
=
(Q̂α P̂β P̂β − (Q̂α P̂β − iδαβ I)
2M
β

iP̂α
1 X
2iδαβ P̂β =
=
2M
M
β

(4.279)

This result implies that Ĥ − P̂ · P̂/2M commutes with Q̂ and
since [Ĥ, P̂] = 0, it also commutes with P̂. Therefore, it is a
ˆ and we find
multiple of I,
Ĥ −

P̂ · P̂
= E0 Iˆ ,
2M

E0 = constant

(4.280)

or
Ĥ =

P̂ · P̂
+ E0 Iˆ
2M

(4.281)

Now, earlier we found that
[Q̂α , Ĥ] = iV̂α

(4.282)

which now implies that



1 2
iP̂α
[Q̂α , Ĥ] = Q̂α ,
P̂ =
= iV̂α
2M
M

(4.283)

Thus,
P̂α
P̂
or V̂ =
M
M
Summarizing, we have found that
V̂α =

P̂ = M V̂

,

1
Ĥ = V̂ · V̂ + E0
2

,

Ĵ = Q̂ × M V̂

(4.284)

(4.285)

where
V̂ = the velocity operator and Q̂ = the position operator
(4.286)
This implies, since we are talking about a free particle, that
M must be proportional to the mass of the free particle
i.e., suppose that
M = constant × mass = βm
then we must have

(4.287)

P̂α = constant × linear momentum = β p̂α
Ĥ = constant × energy = β Ê
Jˆα = constant × angular momentum = β ĵα

(4.288)

and all the relations (4.285)
P̂ = M V̂

,

1
Ĥ = V̂ · V̂ + E0
2

,

Ĵ = Q̂ × M V̂

(4.289)

still hold.
Now also remember that
[Q̂α , P̂β ] = iδαβ Iˆ

(4.290)

1
[Q̂α , p̂β ] = i δαβ Iˆ
β

(4.291)

which then implies that

This says that 1/β must have the units Joule-Sec. With
hindsight as to later developments, we will now choose
~=

1
β

(4.292)

and thus we finally obtain
[Q̂α , p̂β ] = i~δαβ Iˆ

(4.293)

At this point, we do not know the numerical value of ~ (any
value will do at this stage of our development). It can only be
determined by experiment. Later we shall see that it is
~=

h
2π

(4.294)

where h = Planck’s constant = 6.62 × 10−34 Joule-Sec. ~ must
be determined from experiment since it sets the scale of all
quantum phenomena and the scale factors in physical theories
cannot be known a priori (even though Kant thought just the
opposite was true).

Example 2 : Free Particle - with Spin
Internal degrees of freedom are, by definition, independent of
the center of mass degrees of freedom(Example 1). This means
they are represented by operators that are independent of both
Q̂ and P̂, or that they are represented by operators that
commute with both Q̂ and P̂.
The set of operators {Q̂, P̂} is not irreducible in this case since
an operator that commutes with the set may still be a function
of the operators corresponding to the internal degrees of
freedom.
The spin Ŝ is defined to be an internal contribution to the total
angular momentum of the system. Therefore, we must modify
the operator representing angular momentum to be
Ĵ = Q̂ × P̂ + Ŝ
with [Q̂, Ŝ] = 0 = [P̂, Ŝ].

(4.295)

We will study spin in great detail later in these notes.
For now, let us see what we can say just based on the fact that
spin is an angular momentum. This means that the Ŝα must
have the same commutators among themselves as the Jˆα .
[Ŝα , Ŝβ ] = iαβγ Ŝγ

(4.296)

Earlier we found the equation
[Ĝα , P̂β ] = iδαβ M Iˆ

(4.297)

is satisfied by Ĝ = M Q̂ and
[Ĝ − M Q̂, P̂] = 0 and [Ĝ − M Q̂, Q̂] = 0

(4.298)

implied that Ĝ − M Q̂ = ~aIˆ and we decided that we must have
~a = 0.
Now, however, we could also have terms involving Ŝ of the form

Ĝ − M Q̂ = cŜ

(4.299)

Higher order powers of Ŝ do not contribute any new terms
because the commutator, which we can express as
Ŝ × Ŝ = iŜ

(4.300)

indicates that they will reduce to a first-order term. So this
result is general.
Now we found earlier that [Ĝα , Ĝβ ] = 0, which implies that
c = 0 and thus, we still have Ĝ = M Q̂.
The previous argument to get
Ĥ =

P̂ · P̂
+ E0 Iˆ
2M

(4.301)

is identical to before except now E0 can be a function of Ŝ. Now
we must have

[Ĵ, Ĥ] = 0 → [Ŝ, E0 ] = 0

(4.302)

which implies that E0 = cŜ · Ŝ is the only possibility. This has
no effect on the V̂ operator given by
V̂ = i[Ĥ, Q̂]

(4.303)

since [E0 , Q̂] = 0. Therefore, the relation
V̂ =

P̂
M

(4.304)

remains valid.
So everything is the same as in Example 1 except that E0 now
corresponds to an internal (spin dependent) contribution to the
energy.

Example 3 - A Particle Interacting with External Fields
We will only consider a spinless particle.
Interactions change the time evolution operator and as a
consequence, the probability distributions for observables.
We assume that the equation of motion for the state vector
retains its form
d
|ψ(t)i = −iĤ |ψ(t)i
(4.305)
dt
but the generator Ĥ changes to include the interactions. We
single out Ĥ as the only generator that changes in the presence
of interactions because it generates dynamical evolution in time
and interactions only change that property. All the other
generators imply purely geometric transformations which are
not dynamical.

We also retain the definition V̂ = i[Ĥ, Q̂], but note that
interactions (a change in Ĥ) will affect its value. So we assume
that Ĥ still satisfies
V̂ = i[Ĥ, Q̂]
(4.306)
If we shift to a different frame of reference moving uniformly
with respect to the original frame, we saw earlier that V̂
transforms as
ei~v·Ĝ V̂e−i~v·Ĝ = V̂ − ~v Iˆ
(4.307)
Expanding the left-hand side to 1st -order in ~v gives
i[~v · Ĝ, V̂] = −~v Iˆ and [Ĝα , P̂β ] = iδαβ M Iˆ

(4.308)

Now, we still have the relation Ĝα = M Q̂α , since its derivation
does not use any commutators involving Ĥ.
Our earlier solution for V̂ (no external fields) was
V̂ =

P̂
M

(4.309)

Now the commutators
[Ĝα , V̂β ] = iδαβ Iˆ and [Ĝα , P̂β ] = iδαβ M Iˆ

(4.310)

imply that V̂ = P̂/M commutes with Ĝ. Since Ĝ = M Q̂, we
must have
#
"
P̂
, Q̂ = 0
(4.311)
V̂ −
M
With no internal degrees of freedom present, the set of operators
{Q̂α } is a complete commuting set. This means that we must
have
V̂ −

~ Q̂)
P̂
A(
=−
= a function only of Q̂
M
M

or
V̂ =

~ Q̂)
P̂ − A(
M

(4.312)

(4.313)

We now need to solve V̂ = i[Ĥ, Q̂] for Ĥ. We have the result
~ Q̂)
P̂ − A(
= i[Ĥ, Q̂]
M

(4.314)

A possible solution is

Ĥ0 =

2
~
P̂ − A(Q̂)
2M

(4.315)

as can be seen from the derivation below. We have
i
1 Xh 2
[Ĥ0 , Q̂α ] =
(P̂β − Aβ P̂β − P̂β Aβ − A2β ), Q̂α
2M
β

1 X 2
=
[P̂β , Q̂α ] − [Aβ P̂β , Q̂α ] − [P̂β Aβ , Q̂α ] − [A2β , Q̂α ]
2M
β

(4.316)

Now
[Q̂α , P̂β ] = iδαβ Iˆ and [Aβ , Q̂α ] = 0

(4.317)

which gives
[Aβ P̂β , Q̂α ] = Aβ [P̂β , Q̂α ] = −iAβ δαβ Iˆ
[P̂β Aβ , Q̂α ] = [P̂β , Q̂α ]Aβ = −iAβ δαβ Iˆ
[P̂β2 , Q̂α ] = P̂β P̂β Q̂α − Q̂α P̂β P̂β = P̂β [P̂β , Q̂α ] − iδαβ P̂β = −2iδαβ P̂β
[A2β , Q̂α ] = 0
We then have the final step in the proof
[Ĥ0 , Q̂α ] =

P̂α − Aα
1 X
2iδαβ (P̂β − Aβ ) =
2M
M

(4.318)

β

That completes the proof. Finally, we can then say
[(Ĥ − Ĥ0 ), Q̂α ] = 0

(4.319)

which implies that at most Ĥ can differ from Ĥ0 only by a
function of Q̂

Ĥ − Ĥ0 = W (Q̂) = function of Q̂

(4.320)

or, in general


~ Q̂)
P̂ − A(

2

+ W (Q̂)
(4.321)
2M
This is the only form of Ĥ consistent with invariance under the
Galilei group of transformations.
Ĥ =

The two new functions of Q̂ are called
~ Q̂) = vector potential and W (Q̂) = scalar potential (4.322)
A(
Both of the functions can be time-dependent. As operators they
are functions only of Q̂ and not of P̂.
This form certainly includes the classical electromagnetic
~ Q̂) and W (Q̂) with
interaction. However, we cannot identify A(
the electromagnetic potential because nothing in the derivation
implies that they need to satisfy Maxwell’s equations.

This method can be generalized to cover the case of more than
one particle interacting with external fields.
An Aside
The conventional notation involving the generators and the
constant ~ is to use
P̂ →

P̂
~

,

Ĵ →

Ĵ
~

,

M→

M
~

,

Ĥ →

Ĥ
~

(4.323)

leading to changed transformation operators of the form
e−i~a·P̂/~

,

e−iθñ·Ĵ/~

,

e−itĤ/~

(4.324)

or we could just let ~ = 1 and continue to use all previous
results unchanged.

4.13 Multiparticle Systems
How do we generalize these single particle results to systems
with more than one particle?
We will deal with a special case that illustrates the general
procedure without adding any extra complexity.
Consider two particles forming a composite system where
Q̂(1) = operator representing an observable of particle 1
T̂ (2) = operator representing an observable of particle 2
We assume that the two particles in the composite system can
be separated physically so that they would not have any
interaction with each other. This means that when they are
separated, the composite system must reduce to two
independent one-particle systems which we can describe using
all of the one-particle results we have already derived.

Thus, when we find a description of the two-particle system, it
must include the separate one-particle descriptions in some way.
This means that it must be possible to prepare the one-particle
states as separate, independent entities in the laboratory.
Now, earlier we proved that there exists a state of the system
where an observable represented by an operator Q̂(1) has a
definite value (probability = 1). This state is any one of the
eigenvectors of Q̂(1) and the definite value is the corresponding
eigenvalue. A similar result holds for the operator T̂ (2) .
Now we have assumed that the properties of the two particles
can be measured independently. This means that a two-particle
state vector for the composite system must exist such that it is
a common eigenvector for all operators representing observables
of both particles. This says that if
Q̂(1) |qm i1 = qm |qm i1 and T̂ (2) |tn i2 = tn |tn i2

(4.325)

then for every m and n there exists a two-particle state vector
|qm , tn i for the composite system with the properties
Q̂(1) |qm , tn i = qm |qm , tn i and T̂ (2) |qm , tn i = tn |qm , tn i
(4.326)
The way to satisfy these conditions is to represent the
two-particle state vector as a mathematical object known as the
Kronecker or direct product. We write this (symbolically) as
|qm , tn i = |qm i1 |tn i2 or |qm , tn i = |qm i1 ⊗ |tn i2

(4.327)

If the set of vectors {|qm i1 } spans an M -dimensional vector
space and the set of vectors {|tn i2 } spans an N -dimensional
vector space, then the set of all direct product vectors spans an
M × N dimensional vector space.
(1)

Suppose we have two sets of operators, {Q̂i } for the system
(2)
consisting of particle 1 and {T̂j } for the system consisting of
particle 2. We define how these operators act on the direct
product states by the rules

(1)

(1)

Q̂i |qm , tn i = (Q̂i |qm i1 ) ⊗ |tn i2
(2)

T̂j

(2)

|qm , tn i = |qm i1 ⊗ (T̂j

|tn i2 )

(4.328)

and we define a direct product between operators in the two sets
by the relation
(1)

(2)

(1)

(2)

(Q̂i ⊗ T̂j ) |qm , tn i = (Q̂i |qm i1 ) ⊗ (T̂j
(1)

When we write Q̂i

(2)

or T̂j

→ Q̂i ⊗ Iˆ(2)

(2)

→ Iˆ(1) ⊗ T̂j

T̂j

(4.329)

alone, we really mean the following

(1)

Q̂i

|tn i2 )

(1)

(2)

(4.330)

This definition of the direct product operators does not include
all relevant physical operators that we use in quantum
mechanics. When the particles are interacting, there must exist
interaction operators that act on both sets of states.

Although this means that an individual direct product state
vector for a composite system cannot directly represent
interacting particles, we will be able to use the set of all such
states(which is complete) as a basis for representing states of
interacting particles.
Since the common set of states {|qm , tn i} comprise a complete
(1)
(2)
basis set for all of the Q̂i and T̂j operators, these operators
must form a set of mutually commuting operators or
h
i
(1)
(2)
= 0 for all i, j
(4.331)
Q̂i , T̂j
An Example
Imagine we are in a fictitious world in which the single-particle
Hilbert space is 2-dimensional. Let us denote the corresponding
basis vectors by |+i and |−i. In addition, let arbitrary operators
(1)
(2)
β1 and β1 be represented by (in their respective spaces) by

(1)
β1

(2)
β1

(1)

=

1 h+| β1 |+i1
(1)
1 h−| β1 |+i1

=

(2)
2 h+| β1 |+i2
(2)
2 h−| β1 |+i2

(1)

!


a
=
c
! 
(2)
e
2 h+| β1 |−i2
=
(2)
g
2 h−| β1 |−i2

1 h+| β1 |−i1
(1)
1 h−| β1 |−i1

b
d



f
h


(4.332)

These are operators in the space 1 (V1 ) and space 2 (V2 ),
respectively. The space V1 ⊗ V2 is therefore spanned by 4
vectors. They are
|+i1 |+i2 = |+i1 ⊗ |+i2 = |++i , |+i1 |−i2 = |+i1 ⊗ |−i2 = |+−i
|−i1 |+i2 = |−i1 ⊗ |+i2 = |−+i , |−i1 |−i2 = |−i1 ⊗ |−i2 = |−−i
(4.333)
We define the general operator (acts in both spaces)

(1)
Ô12 = β1 ⊗ Iˆ(2)

h++| Ô12 |++i

h+−| Ô12 |++i
=
h−+| Ô12 |++i
h−−| Ô12 |++i


a 0 b 0
0 a 0 b 

=
 c 0 d 0
0 c 0 d


h++| Ô12 |+−i h++| Ô12 |−+i h++| Ô12 |−−i

h+−| Ô12 |+−i h+−| Ô12 |−+i h+−| Ô12 |−−i

h−+| Ô12 |+−i h−+| Ô12 |−+i h−+| Ô12 |−−i
h−−| Ô12 |+−i h−−| Ô12 |−+i h−| Ô12 |−−i

(4.334)

where we have used the type of calculation below to determine
the matrix elements.
(1)
h++| Ô12 |++i = h++| β ⊗ Iˆ(2) |++i
=
=
=

1
(1)
ˆ(2) |+i
1 h+| β1 |+i1 2 h+| I
2
(1)
1 h+| β1 |+i1 2 h+ | +i2
(1)
1 h+| β1 |+i1 = a

Similarly, we have


(2)
Iˆ(1) ⊗ β1

and

e
g
=
0
0


(1)

(2)

β1 ⊗ β1

ae
ag
=
 ce
cg

f
h
0
0
af
ah
cf
ch


0
0

f
h

(4.335)


be bf
bg bh 

de df 
dg dh

(4.336)

0
0
e
g

Therefore, using the Pauli spin operators defined (in each space)
by
σ̂1 |±i = |∓i , σ̂2 |±i = ∓i |∓i , σ̂3 |±i = ± |∓i

(4.337)

so that these operators have the matrix representations (in each
space)







0 1
0 −i
1 0
σ̂1 =
, σ̂2 =
, σ̂3 =
1 0
i 0
0 −1

(4.338)

We then have

(1)

(2)

σ̂1 ⊗ σ̂1


0
0
=
0
1


(1)

(2)

(1)

(2)

σ̂2 ⊗ σ̂2

σ̂3 ⊗ σ̂3

0
0
1
0

0 0
0 0
=
0 1
−1 0

1 0
0 −1
=
0 0
0 0

0
1
0
0


1
0

0
0


0 −1
1 0

0 0
0 0

0 0
0 0

−1 0
0 1

(4.339)

(4.340)

(4.341)

Thus,
(1)

(2)

σ̂1 · σ̂2



1 0
0 0
0 −1 2 0

=
0 2 −1 0
0 0
0 1

(4.342)

and

(1)
(2)
fˆ = aIˆ + bσ̂1 · σ̂2



a+b
0
0
0
 0
a−b
2b
0 
 (4.343)
=
 0
2b
a−b
0 
0
0
0
a+b

The states
|+i1 |+i2 = |++i , |+i1 |−i2 = |+−i
|−i1 |+i2 = |−+i , |−i1 |−i2 = |−−i
are given by

(4.344)

 
 
 
 
1
0
0
0
0
1
0
0

 
 
 
|++i = 
0 , |+−i = 0 , |−+i = 1 , |−−i = 0
0
0
0
1
(4.345)
and we have

   
0 0 1 0
1
0
0 0 0 1 0 0
(1)
(1) ˆ(2)
   
σ̂1 |++i = σ̂1 ⊗I |++i = 
1 0 0 0 0 = 1 = |−+i
0 1 0 0
0
0
(4.346)
as expected.

An alternative way to think about the outer product
below:

0
!


(2)

0 1
0 σ̂1
0
(1)
(2)
(2)
σ̂1 ⊗ σ̂1 =
⊗ σ̂1 =
=
(2)

1 0
0
σ̂1
0
1

is shown
0
0
1
0


0 1
1 0

0 0
0 0
(4.347)

Extending This Idea
This procedure for constructing composite state vectors using
the direct product also works when dealing with certain
dynamical properties of a one-particle state.
Any one-particle state must represent the various degrees of
freedom for the one-particle system. These degrees of freedom,
as we have seen, are related to observables and their associated
operators and eigenvalues. Thus, quantities like Q̂α , P̂β , and Ŝγ
all represent different degrees of freedom of the physical system
or state vector.

In the case of certain one-particle system degrees of freedom,
which are said to be independent, we can write one-particle
state vectors and operators using direct products. For instance,
as we saw in an earlier example, both Q̂α and P̂β are
independent of an internal degree of freedom that we called spin
Ŝγ . In fact, we defined an internal degree of freedom as one
which was independent of the center of mass degrees of freedom.
We defined this independence via commutators by
[Q̂α , Ŝγ ] = 0 = [P̂β , Ŝγ ].
Another example of independence of degrees of freedom was our
assumption that [Q̂α , Q̂β ] = 0, which says that the three
components of the position operator are independent degrees of
freedom. This should not surprise us since it just reflects the
physical assumption that it is possible to prepare a state where
a particle is localized arbitrarily close to a single point in
3-dimensional position space.

Similarly, our assumption that [P̂α , P̂β ] = 0 means it is possible
to prepare a state where a particle is localized arbitrarily close
to a single point in 3-dimensional momentum space.
It is also clear, since [Q̂α , P̂β ] 6= 0 that we will not be able to
prepare a state in which both Q̂α and P̂α (components along the
same axis) are simultaneously localized arbitrarily close to single
point in phase space and since [Jˆβ , Jˆγ ] 6= 0 we will not be able to
prepare a state in which two different components of the angular
momentum have definite values.
This means that we can write single particle states as direct
products. For example
|~xi = |x1 i ⊗ |x2 i ⊗ |x3 i

(4.348)

X̂1 X̂2 X̂3 = X̂1 ⊗ X̂2 ⊗ X̂3

(4.349)

X̂1 X̂2 X̂3 |~xi = (X̂1 |x1 i) ⊗ (X̂2 |x2 i) ⊗ (X̂3 |x3 i)

(4.350)

or
~x0 sz = |x1 i ⊗ |x2 i ⊗ |x3 i ⊗ |sz i

(4.351)

X̂1 X̂2 X̂3 Ŝz = X̂1 ⊗ X̂2 ⊗ X̂3 ⊗ Ŝz

(4.352)

X̂1 X̂2 X̂3 Ŝz ~x0 sz = (X̂1 |Xi1 )⊗(X̂2 |Xi2 )⊗(X̂3 |Xi3 )⊗(Ŝz ~x0 sz )
(4.353)
We can use words as follows:
|~xi = |x1 i ⊗ |x2 i ⊗ |x3 i → particle at (x1 , x2 , x3 )

(4.354)

or
~x0 sz = |x1 i⊗|x2 i⊗|x3 i⊗|sz i → particle at (x1 , x2 , x3 ) with spin sz
(4.355)
If we can construct state vectors for two-particle systems, then
it must be possible to define appropriate probability
distributions. These are called joint probability distributions.
If we prepare both particles into a direct product state such
that their individual preparations are independent and they do
not interact with each other, then their joint probability

distribution for the observables Q and T corresponding to the
operators Q̂(1) and T̂ (2) should obey the statistical independence
condition we defined earlier for events A, B, and C, namely,
P rob(A ∩ B|C) = P rob(A|C)P rob(B|C)

(4.356)

For the direct product state
|ψi = |αi1 ⊗ |βi2

(4.357)

this says that the joint probability distribution of Q and T is
P rob((Q = qm ) ∩ (T = tn )|ψ) = | hqm , tn | ψi |2
= P rob(Q = qm |α)P rob(T = tn |β)
= | hqm | αi1 |2 | htn | βi2 |2 (4.358)

The state does not have to be a pure state for this factorization
to occur. It only needs to be represented by a density operator
of the form
Ŵ = Ŵ (1) ⊗ Ŵ (2)
(4.359)
Further discussion of this topic follows in section(17).
Later, we will use these direct product procedures to construct
operators and basis states for multiparticle systems like atoms.
Just how we will include interactions is not clear yet.
4.14 Equations of Motion Revisited and Finished
We discussed time dependence and the time evolution operator
earlier. This is the most important topic in quantum mechanics
and will eventually enable us to make predictions about the
behavior of real physical systems. Let us now review our earlier
discussion from a more general point of view in light of some of
the new ideas we have introduced.

We derived a differential equation of motion for the state vector
of the form
d
i
|ψ(t)i = − Ĥ(t) |ψ(t)i
(4.360)
dt
~
If, initially (at t = t0 ) we are in the state represented by the ket
vector |ψ(t0 )i = |ψ0 i, then we wrote the formal solution of the
differential equation in terms of the time development operator
Û (t, t0 ) as
|ψ(t)i = Û (t, t0 ) |ψ(t0 )i
(4.361)
We also showed that Û (t, t0 ) satisfies the same differential
equation as |ψ(t)i
i
∂
Û (t, t0 ) = − Ĥ(t)Û (t, t0 )
∂t
~
ˆ
with the boundary condition Û (t0 , t0 ) = I.

(4.362)

This implies, using the relation (ÂB̂)† = B̂ † Â† that
∂ †
i
Û (t, t0 ) = Û † (t, t0 )Ĥ(t)
∂t
~

(4.363)

We then have
∂
∂ Û †
∂ Û
(Û † Û ) = Û †
+
Û
∂t
∂t
∂t
i
i
= − Û † Ĥ Û + Û † Ĥ † Û
~
~
i †
†
= Û (Ĥ − Ĥ )Û
~

(4.364)

If Ĥ is Hermitian, then Ĥ = Ĥ † and
∂
(Û † Û ) = 0
∂t
which implies that

(4.365)

Û † (t, t0 )Û (t, t0 ) = cIˆ where c = constant

(4.366)

But the boundary condition implies that Û † (t0 , t0 )Û (t0 , t0 ) = Iˆ
which implies that c = 1. Therefore, in general we have
ˆ which is the unitarity condition and implies
Û † (t, t0 )Û (t, t0 ) = I,
†
−1
Û = Û or that Û is unitary when Ĥ is Hermitian. This
agrees with our earlier results.
Now, if Ĥ(t) is independent of t, then the differential equation
has a simple solution
Ĥ

Û (t, t0 ) = e−i(t−t0 ) ~

(4.367)

which is the form we assumed for the time evolution operator
during the discussion of symmetry transformations.
If Ĥ(t) is not independent of t, then no simple closed form
solution can be given for Û (t, t0 ).

We must use perturbation theory as we shall see later when we
develop time-dependent perturbation theory.
We can now derive the equation of motion for the density
operator. We use a pure state for simplicity. We have
Ŵ (t) = |ψ(t)i hψ(t)| = Û (t, t0 ) |ψ(t0 )i hψ(t0 )| Û † (t, t0 )
= Û (t, t0 )Ŵ (t0 )Û † (t, t0 )

(4.368)

Now, using Ŵ (t0 ) = Ŵ0 , differentiating with respect to t gives
dÛ (t, t0 )
dÛ † (t, t0 )
dŴ (t)
=
Ŵ0 Û † (t, t0 ) + Û (t, t0 )Ŵ0
dt
dt
dt
i
i
= − Ĥ Û (t, t0 )Ŵ0 Û † (t, t0 ) + Û (t, t0 )Ŵ0 Û † (t, t0 )Ĥ
~
~
i
= − [Ĥ(t), Ŵ (t)]
(4.369)
~

We will assume that this equation is also true for general states.
Now, we have stated earlier that no physical significance can be
attached in quantum mechanics to operators and vectors. The
only physically significant objects are the probability
distributions of observables or their expectation values. Earlier
we derived the result
hQ̂i = T r(Ŵ Q̂)

(4.370)

We now assume that this result carries over to the
time-dependent case and we have
hQ̂it = T r(Ŵ (t)Q̂)

(4.371)

Using the expression (4.368) for Ŵ (t) and the fact that the
trace is invariant under cyclic permutation, i.e.,
T r(ÂB̂ Ĉ) = T r(Ĉ ÂB̂) = T r(B̂ Ĉ Â)

(4.372)

we get
hQ̂it = T r(Ŵ Q̂) = T r(Û (t, t0 )Ŵ0 Û † (t, t0 )Q̂)
= T r(Ŵ0 Û † (t, t0 )Q̂Û (t, t0 ))

(4.373)

This result is the formal basis of the Schrodinger and
Heisenberg pictures we discussed earlier.
If we leave the time dependence in the density operator, then
hQ̂it = T r(Ŵ (t)Q̂)

(4.374)

where
i
d
i
dŴ (t)
= − [Ĥ(t), Ŵ (t)] and
|ψ(t)i = − Ĥ(t) |ψ(t)i
dt
~
dt
~
(4.375)
Q̂ is independent of time is these equations. This is the
Schrodinger picture.
On the other hand, if we write
hQ̂it = T r(Ŵ0 Û † (t, t0 )Q̂Û (t, t0 )) = T r(Ŵ0 Q̂H (t))

(4.376)

where Q̂H (t) = Û † (t, t0 )Q̂Û (t, t0 ), then the operator is time
dependent and the density operator(and hence the state
vectors) are independent of time. This is the Heisenberg picture.
We can derive the equation of motion of the time-dependent
operators in the Heisenberg picture as follows:
∂ Û †
∂ Q̂
d
∂ Û
Q̂H (t) =
Q̂Û + Û †
Û + Û † Q̂
dt
∂t
∂t
∂t
i †
∂ Q̂
Û
= (Û Ĥ Q̂Û − Û † Q̂Ĥ Û ) + Û †
~
∂t
i
∂ Q̂
= (Û † Ĥ Û Û † Q̂Û − Û † Q̂Û Û † Ĥ Û ) + Û †
Û
~
∂t
!
i
∂ Q̂
= [ĤH (t), Q̂H (t)] +
(4.377)
~
∂t
H

where we have included the possibility that Q̂ has some explicit
time dependence and we have used the definition

ÂH (t) = Û † (t, t0 )ÂÛ (t, t0 )

(4.378)

for any operator. Note the change in sign in front of the
commutator in this equation for the operator from that of the
density operator in the Schrodinger picture.
The two pictures are clearly equivalent as mathematical
formalisms, since they are derived from the same expectation
value formula by an internal rearrangement of terms. Another
way to say this is that the two pictures are equivalent because
the only physically significant quantity hQ̂it depends only on
the relative motion in time of Ŵ and Q̂, which is the same in
both cases.
In the Schrodinger picture Ŵ (t) moves forward in time (term of
the form Û Ŵ0 Û † = Û Ŵ0 Û −1 ) and in the Heisenberg picture
Q̂(t) moves backward in time (term of the form
Û † Ŵ0 Û = Û −1 Ŵ0 Û ).

The opposite senses of motion in time produce the sign
difference of the commutator terms in the equations of motion.
These two picture are mutually exclusive and cannot be used
together.
Finally, we determine expressions for dhQ̂it /dt in each picture.
In the Schrodinger picture
"
#
dhQ̂it
d
dŴ
∂ Q̂
= T r(Ŵ (t)Q̂) = T r
Q̂ + Ŵ
dt
dt
dt
∂t
"
#
i
∂ Q̂
= T r − (Ĥ Ŵ Q̂ − Ŵ Ĥ Q̂) + Ŵ
~
∂t
#
"
i
∂ Q̂
= T r − (Ŵ Q̂Ĥ − Ŵ Ĥ Q̂) + Ŵ
~
∂t
"
#
i
∂ Q̂
= Tr
Ŵ (t)[Ĥ, Q̂] + Ŵ
(4.379)
~
∂t

In the Heisenberg picture
"
dhQ̂it
dQ̂H (t)
i
= T r(Ŵ0
) = Tr
Ŵ0 [Ĥ, Q̂H (t)] + Ŵ0
dt
dt
~

! #
∂ Q̂
∂t
H
(4.380)
For a pure state, we can rewrite these results in terms of the
state vectors instead of the density operator. We have in the
Schrodinger picture
hQ̂it = hψ(t)| Q̂ |ψ(t)i where |ψ(t)i = Û (t, t0 ) |ψ0 i

(4.381)

and in the Heisenberg picture
hQ̂it = hψ0 | Q̂H (t) |ψ0 i where Q̂H (t) = Û † (t, t0 )Q̂Û (t, t0 )
(4.382)
as we saw in our earlier discussions.

4.15 Symmetries, Conservation Laws and Stationary
States
Let T̂ (s) = eisK̂ represent a continuous unitary transformation
with a Hermitian generator K̂ = K̂ † . Another operator Â
representing some observable is invariant under this
transformation if
T̂ (s)ÂT̂ −1 (s) = Â
(4.383)
or
ÂT̂ (s) − T̂ (s)Â = [Â, T̂ (s)] = 0

(4.384)

If s is an infinitesimal, then we can write
(Iˆ + isK̂)Â(Iˆ − isK̂) = Â → Â + is[K̂, Â] = Â

(4.385)

or
[K̂, Â] = 0

(4.386)

In words, the invariance of Â under the continuous
transformation T̂ (s) = eisK̂ for all s implies it is true for
infinitesimal s and thus leads to the commutator condition for
invariance, which says that the operator commutes with the
Hermitian generator of the transformation.
It works both ways:
[T̂ , Â] = 0 → invariance under finite transformation
→ invariance under infinitesimal transformation
→ [K̂, Â] = 0
or
[K̂, Â] = 0 → invariance under infinitesimal transformation
→ invariance under finite transformation
→ [T̂ , Â] = 0

If K̂ depends on t, then the commutators [K̂(t), Â] = 0 and
[T̂ (t), Â] = 0 must hold for all t.
Now, the Hermitian generators of the symmetry transformation,
as we have seen, correspond to dynamical variables of a physical
system.
space displacements ⇔ P̂
rotations ⇔ Ĵ
t displacements ⇔ Ĥ
These symmetry generators have no explicit time dependence,
i.e., ∂ K̂/∂t = 0. Therefore,


dhK̂it
i
= T r Ŵ (t)[Ĥ, K̂] = 0
(4.387)
dt
~
if Ĥ is invariant under the corresponding symmetry
transformation, i.e., [Ĥ, K̂] = 0. Now
[Ĥ, K̂] = 0 → [Ĥ, f (K̂)] = 0. This says that we must have
[Ĥ, θ(x − K̂)] = 0

(4.388)

But in our probability discussions, we showed that
hθ(x − K̂)i = P rob(K < x|Ŵ )

= probability that observable K̂ has a value < x given Ŵ
This then says that P rob(K < x|Ŵ ) is independent of t no
matter what initial state we start with. In this case, observable
K = a is a constant of the motion.
Examples:
[Ĥ, P̂α ] = 0 implies invariance under a space displacement along
the α-axis. This implies that P̂α = constant of the motion (is
conserved) = linear momentum along the α-axis.
[Ĥ, Jˆα ] = 0 implies invariance under a rotation about the α-axis.
This implies that Jˆα = constant of the motion (is conserved) =
angular momentum about the α-axis.

If Ĥ is not an explicit function of t, then since [Ĥ, Ĥ] = 0, Ĥ is
invariant under time translations = constant of the motion =
energy of the system.
Now suppose that Ĥ is independent of t and that
|ψ(0)i = [ eigenvector of Ĥ] = |En i such that Ĥ |En i = En |En i
(4.389)
Then we have, using [Ĥ, Û ] = [Ĥ, f (Û )] = 0,
i
i
d
|ψ(t)i = − Ĥ |ψ(t)i = − Ĥ Û (t, 0) |ψ(0)i
dt
~
~
i
i
= − Ĥ Û (t, 0) |En i = − Ĥ Û (t, 0)Ĥ |En i
~
~
i
i
= − Ĥ Û (t, 0)En |En i = − En Ĥ Û (t, 0) |En i
~
~
i
= − En |ψ(t)i
(4.390)
~
which has the solution
|ψ(t)i = e−i

En
t
~

|En i

(4.391)

In this case, we then have for the expectation value of any
observable represented by the operator R̂
hR̂i = hψ(t)| R̂ |ψ(t)i = hEn | ei

En
t
~

R̂e−i

En
t
~

|En i = hEn | R̂ |En i
(4.392)
or hR̂i is independent of t (for this state). This implies that
hf (R̂)i is also independent of t, which finally, implies that
hθ(x − R̂)i is independent of t. This means that, in this state,
P rob(x < R|ψ) is independent of t

(4.393)

This kind of state is called a stationary state. In a stationary
state the expectation values and probabilities of all observables
are independent of time. If an observable is a constant of the
motion, however, then this would be true for any state and not
just a stationary state. So these are very different physical
concepts.
Now, if [K̂, Ĥ] = 0, then K̂ and Ĥ have a common set of
eigenvectors (it is a complete set). But the eigenvectors of Ĥ are
stationary states.

This means that we can prepare systems in stationary states
where both the energy and the observable represented by K̂ have
definite values (no dispersion).
Suppose we have a set of mutually commuting observables and
that they all also commute with Ĥ. Then they have a common
set of eigenvectors.
We will use the eigenvalues of Ĥ and all the eigenvalues of this
mutually commuting set of observables to label state vectors.
We will call the labels quantum numbers. They will designate all
we know about a state vector.
4.16 The Collapse or Reduction Postulate?
Based on unitary time evolution postulate, a system consisting
of a quantum system (Q-system) and a measurement system
(M-system), would necessarily evolve in this way

|initiali = (a |+iQ + b |−iQ ) |0iM
→ |f inali =→ a |+iQ |+1iM + b |−iQ |−1iM

(4.394)

which is a superposition of Q-states and M-states. We assume
that the M-states represent macroscopic pointer locations on
some meter.
This says that measurement, within the framework of the
standard postulates, CORRELATES or ENTANGLES the
dynamical variable (Q-system) to be measured and the
macroscopic (M-system) indicator that can be directly
(macroscopically) observed.
Derivation: Suppose that the meter has eigenvectors (labeled
by eigenvalues)
|+iM ⇒ meter on: reading = +1
|−iM ⇒ meter on: reading = −1
|0iM ⇒ meter off: reading = 0

and the system has eigenvectors (labeled by eigenvalues)
|+iQ ⇒ value = +1
|−iQ ⇒ value = −1
The initial state is
|initiali = (a |+iQ + b |−iQ ) |0iM

(4.395)

which represents the quantum system in a superposition and the
meter off.
We are interested in the evolution of this state according to
quantum mechanics.
If, instead of the above initial state, we started with the initial
state
|Ai = |+iQ |0iM
(4.396)

and then turn on the meter, this state must evolve into
A0 = |+iQ |+1iM

(4.397)

indicating that the meter has measured the appropriate value
(that is the definition of a "good" meter).
Similarly, if, instead of the above initial state, we started with
the initial state
|Bi = |−iQ |0iM
(4.398)
and then turn on the meter, this state must evolve into
B 0 = |−iQ |−1iM

(4.399)

indicating that the meter has measured the appropriate value
(again, that is the definition of a "good" meter).

If the system is in the initial state corresponding to a
superposition of these two special states, however, then the
linearity of quantum mechanics says that it must evolve into
|f inali = a |+iQ |+1iM + b |−iQ |−1iM

(4.400)

as we assumed above(6.395).
Interpreting the state vector: Two models....
1. Pure state |ψi implies a complete description of an
individual Q-system. This corresponds to the statement
that a dynamical variable P̂ has the value p in the state |ψi
if and only if P̂ |ψi = p |ψi.
2. Pure state |ψi implies statistical properties of an ensemble
of similarly prepared systems.
Interpretation (1) is the standard interpretation espoused by
90% of all physicists.

It assumes that, because the state vector plays the most
important role in the mathematical formalism of QM, it must
have an equally important role in the interpretation of QM, so
that
Properties of world ⇔ Properties of |ψi

(4.401)

Interpretation (1) by itself is not consistent with the unitary
evolution postulate, that is, the state |f inali as defined in
(6.401) is not equal to an eigenvector of any indicator
(macroscopic pointer) variable. This means that the pointer (of
the meter) will flutter since the |±i states could be
macroscopically separated.
Since we never observe this flutter, any interpretation of |f inali
as a description of an individual system cannot be reconciled
with both observation and unitary time evolution.
Interpretation (2) has no such difficulties.

|ψi is just an abstract mathematical object which implies the
probability distributions of the dynamical variables of an
ensemble. It represents a state of knowledge.
Physicists that believe interpretation (1) are forced to introduce
a new postulate at this point to remove these difficulties. This is
the so-called reduction/collapse of the state vector postulate,
which says that during any measurement we have a new real
process which causes the transition
|f inali → a |+iQ |+1iM or → b |−iQ |−1iM

(4.402)

so that we end up with an eigenvector of the indicator variable
and thus there will be no flutter.
Various reasons are put forth for making this assumption, i.e.,
measurements are repeatable

Since this experiment(where the repeated measurement takes
place immediately after the first measurement) has never been
realized in the laboratory, I do not know what to make of a
requirement like this one. In addition, in many experiments
(like those involving photons), the system is destroyed by the
measurement (photon is absorbed) making it silly to talk about
a repeatable measurement.
The fact that the reduction process has never been observed in
the laboratory makes it hard to understand in what sense it can
it be thought of as a real physical process.
It is important to note that this difficulty only arises for
interpretation (1) where statements are made about state
vectors representing individual systems.

Some Proposed Mechanisms for the Reduction
1. The reduction process is caused by an unpredictable
and uncontrollable disturbance of the object by the
measuring apparatus (a non-unitary process).
This means that the Hamiltonian of the system must take the
form
Ĥ = ĤQ + ĤM + ĤQM where ĤQM → disturbance

(4.403)

This means, however, that it is already built into the standard
unitary time evolution via Û = e−iĤt/~ and, thus, the
disturbance terms can only lead to a final state that is still a
superposition of indicator variable states. IT DOES NOT
WORK unless we are not told what is meant by unpredictable
and uncontrollable disturbance!

2. The observer causes the reduction process when she
reads the result of the measurement from the apparatus.
This is just a variation of (1). Here, the observer is just another
indicator device. The new final state becomes
|f inali = a |+iQ |+1iM |sees + 1iO + b |−iQ |−1iM |sees − 1iO
(4.404)
which is still a superposition and thus is NO HELP. It also
introduces consciousness into QM and that, in my opinion, is
just silly! 3. The reduction is caused by the environment
(called decoherence), where by environment is meant
the rest of the universe other than the Q-system and
the M-system.
In this model, the environment is a very large system with an
enormous number of degrees of freedom. We do not have any
information about most of the degrees of freedom and thus must
average over them.

This causes pure states to change into nonpure or mixed states
in a non-unitary process as we will see later in these notes.
Why do many physicists think an individual Q-system must
have its own state vector or wave function and then assume the
collapse postulate?
IT WORKS for doing calculations!
This view has survived so long because it does not lead to any
serious errors in most situations. Why?
In general, predictions in quantum mechanics are derived from
|ψi which gives the wave function and which, in turn, gives the
probabilities. The operational significance of a probability is a
relative frequency so that the experimentalist has to invoke an
ensemble of similar systems to make any comparisons with
theory that is independent of any particular interpretation of
the wave function. So that interpretation (2) is being used in
the end anyway.

Does this mean that we should stop worrying about the
interpretation of the wave function? NO!
But that is the subject of a late chapter.....
In these notes, we will not be dealing with such questions, that
is, we do not ask questions that require the collapse postulate
and use a different mathematical formalism for quantum
mechanics.
What about interpretation (2)? It says that
A pure state describes the statistical
properties of an ensemble of similarly
prepared systems.
This means that in many situations we must use the density
operator Ŵ or ρ̂ as the fundamental mathematical object of
quantum mechanics instead of the state vector.

It turns out that some systems only have a density operator ρ̂
and do not have a legitimate state vector |ψi.
For example, consider a box containing a very large number of
electrons, each having spin = 1/2. As we shall see later, this
means the spin can have a measurable component = ±1/2 along
any direction. An oriented Stern-Gerlach device measures these
spin components as we will see later.
Now, suppose the box has a hole so that electrons can get out
and go into a Stern-Gerlach device oriented to measure
z-components (an arbitrary choice). We will find the results
+

1
2

50% of the time and −

1
2

50% of the time

(4.405)

We then ask the question - what are the properties of the
electrons in the box?
There are two possibilities, namely,

1. Each individual electron has the same state vector
1
1
|ψiQ = √ |z = +1/2i + √ |z = −1/2i = |ψibox (4.406)
2
2
which is a superposition.
2. 1/2 of the electrons have z = +1/2 and 1/2 of the electrons
have z = −1/2 so that
|ψiQ = |z = +1/2i OR |z = −1/2i

(4.407)

1
1
|ψiBOX = √ |z = +1/2i + √ |z = −1/2i
2
2

(4.408)

so that

which seems to be the same state |ψibox as in (1), but it
really NOT a superposition state in this case.

Therefore, it seems that we will not be able to tell which
possibility is the correct one!
However, it will turn out that
1
1
|x − component = +1/2i = √ |z = +1/2i + √ |z = −1/2i
2
2
(4.409)
so that, in case (1), if we orient the Stern-Gerlach device to
measure x-components we would find all the electrons are in the
same state |x − component = +1/2i, that is, they are all the
same!
On the other hand, in case (2) since (as we will see later)
1
1
|z = ±1/2i = √ |x = +1/2i ± √ |x − 1/2i
2
2

(4.410)

we would find that
1
1
+ give the |x = +1/2i result and + give the |x = −1/2i result
2
2
(4.411)

Therefore, the states are not the same! If we try to write a state
vector for case (2) we have to write
eiα
1
|ψiQ = √ |z = +1/2i + √ |z = −1/2i
2
2

(4.412)

instead of
1
1
|ψiBOX = √ |z = +1/2i + √ |z = −1/2i
2
2

(4.413)

where α is a completely unknown relative phase factor, which
must be averaged over during any calculations since it is
different for each separate measurement (each member of the
ensemble). With that property for α, this is not a legitimate
state vector in my opinion. We note that in a true superposition,
the relative phase factors between components is known exactly!
If we use density matrices we have a different story. For a pure
state we can always write ρ̂ = |ψi hψ| for some state vector |ψi.

In fact, case (1) gives
1
(|1/2i h1/2| + |1/2i h−1/2| + |−1/2i h1/2| + |−1/2i h−1/2|)
2 

1 1 1
⇒
(4.414)
2 1 1

ρ̂ =

where, as we saw earlier, the diagonal matrix elements represent
probabilities. The existence of the off-diagonal matrix elements
implies that we will observe quantum interference effects in this
system.
Clearly, any pure state density operator cannot be written as
the sum of pure state projection operators as we proved earlier.

In case (2), however, we have
1
1
ρ̂ = (|1/2i h1/2| + |−1/2i h−1/2|) ⇒
2
2



1 0
0 1

(4.415)

which clearly is the sum of pure state projection operators. This
corresponds to a nonpure or mixed state. Note that the
off-diagonals are zero so that this density operator cannot lead
to any quantum interference effects as we might expect.
If we treat case(2) as a pure state with the extra relative phase
factor we would obtain
1
|1/2i h1/2| + e−iα |1/2i h−1/2|
2

+eiα |−1/2i h1/2| + |−1/2i h−1/2|


1 1 e−iα
⇒
1
2 eiα

ρ̂ =

(4.416)

which becomes
1
ρ̂ =
2



1 0
0 1

(4.417)

when we average over α. The decoherence process(discussed in
Chapter 10) has this effect on a very short time scale.
We will return to this topic in Chapter 10 where we
will repeat some of the material in section 4.16 and
then work out a complete description of the so-called
"measurement problem" and propose solutions which
do not require a collapse postulate! 4.17 Putting Some
of These Ideas Together
4.17.1 Composite Quantum Systems; Tensor Product
Let us now look at composite systems again but now in the
context of a special kind of state called an "entangled" state,
which illustrates some of the more dramatic features of quantum
physics.

Most of our discussions so far apply easily to quantum systems
comprised of only one part, i.e., a single particle. As we will see
shortly, it will be straightforward to use this formalism to deal
with a single particle evolving in the presence of external fields.
In these cases, the external fields are treated as ordinary
classical fields.
We did not, however, attempt to solve the system at the level
where the particle is interacting(quantum mechanically) with
the other particles that are actually generating the external
fields. In this case all parts of the system must be dealt with
using quantum mechanics.
We also indicated earlier in this chapter how we might set up a
such a multiparticle system, without, however, indicating how
this formalism might be used.

We now redo the multiparticle formalism and expand our
discussion in several directions with the goal of describing a
system where all the particles are interacting quantum
mechanically.
4.17.2 Hilbert Space for Individual Quantum Systems
If we have a quantum system, then we can describe it as a vector
|ψi = c1 |φ1 i + c2 |φ2 i + . . . + cN |φN i

(4.418)

with respect to a set of basis vectors |φi i. The span (or set of all
possible linear combinations) of these basis vectors make up the
Hilbert space
H = {|φ1 i , |φ2 i , . . . , |φN i}
(4.419)
along with the inner product hφi | φj i = δij . Writing out these
basis vectors, we usually pick an ordering and assign them the
unit vectors,

 
1
0
 

|φ1 i = 
0
·
·

,

 
0
1
 

|φ2 i = 
0
·
·

 
0
0
 

, . . . |φN i = 
·
·
1

(4.420)

Individual quantum systems live in their own individual Hilbert
spaces as shown in the figure below.

Figure: Quantum systems are described by vectors in own Hilbert
space

We know that we can write every possible state of the system as
some superposition of the basis vectors.
We usually think about the standard projectors associated with
the basis vectors
P̂1 = |φ1 i hφ1 |
(4.421)
given by the outer products of the different basis vectors with
its own dual vectors(or linear functionals) such as,
 


1
1 0 · · 0
0


 
 0 0 · · 0 



· · · · ·
P̂1 = |φ1 i hφ1 | = 0 1 0 0 · · = 

·

· · · · ·
·
0 0 · · 0
(4.422)

As we discussed earlier, the essential usefulness of the standard
projectors is that their expectation values give us the
probability that if we measured a system |ψi to determine which
state it is in, we would get the different basis vectors with
probability of the form,
P rob(|φ1 i = hψ| P̂1 |ψi = |c1 |2

(4.423)

We also remember that a key property of the projectors is that
they sum to the identity
N
X

P̂i = Iˆ

(4.424)

i=1

Two-Level Systems
To make the discussion less unwieldy, we will work with
quantum systems that live in a 2-dimensional Hilbert space,
such as a a spin-1/2 particle or photon polarization (both of
which will be discussed in detail in later chapters).

For now we only need to know that our physical
system(particle) has two eigenstates of some observable when it
is measured in any direction (in physical space).
We will call these states up and down in the direction of
measurement. In particular, we choose our basis to be given by
the (up,down) states measured in the z-direction, which we
designate as
H = {|↑i , |↓i}
(4.425)
Notice that we picked an ordering for the basis vectors and we
can therefore assign unit vectors to them,
 
 
1
0
|↑i =
, |↓i =
(4.426)
0
1
such that any state of the particle can be described as
|ψi = c↑ |↑i + c↓ |↓i

(4.427)

If we performed a measurement of the observable in the
z-direction, we would get two outcomes with probabilities
P rob(↑) = hψ| P̂↑ |ψi = |c↑ |2

,

P rob(↓) = hψ| P̂↓ |ψi = |c↓ |2
(4.428)

using the corresponding projectors




1 0
0 0
P̂↑ =
, P̂↓ =
0 0
0 1

(4.429)

That is basically everything we need to know about a single
particle.
Hilbert Space for Composite Systems
Let us begin building up the Hilbert space for two distinct
particles (two distinct quantum systems).

For example, suppose that I have a particle in my lab and you
have a particle in your lab. They have never come in contact
with one another and for all intensive purposes, I have no idea
what you have done with your particle and vice versa. In this
case, it seems to make perfect sense that we could just treat the
particles completely independently at the level of their Hilbert
spaces. We would have something like that shown in the figure
below.

Figure: Hilbert space for 2 quantum systems independent of one
another

We really should be able to think about these systems as
entirely disjoint.
Therefore, we can define two different Hilbert spaces,
HA = {|↑iA , |↓iA }

(4.430)

HB = {|↑iB , |↓iB }

(4.431)

and
with operators such as projectors that only act on states in their
respective systems
P̂↑A = |↑iA h↑|A , P̂↓A = |↓iA h↓|A , IˆA = P̂↑A + P̂↓A

(4.432)

and
P̂↑B = |↑iB h↑|B , P̂↓B = |↓iB h↓|B , IˆB = P̂↑B + P̂↓B

(4.433)

In terms of their matrices, for example,




1 0
1 0
A
B
P̂↑ =
, P̂↑ =
0 0 A
0 0 B

(4.434)

these operators look identical to one another. However, they are
not really identical, because you are only allowed to use
operators (matrices) with A labels on states with A labels and
operators with B labels on states with B labels. These rules
reflect the situation that the particles are separate physical
systems, possibly in distant locations, that have no idea that the
other even exists.
Tensor Product of Hilbert Spaces
Now suppose we bring our individual particles from our
independent labs together. In this situation, it is not clear
whether we can get away with describing the two systems using
two separate Hilbert spaces.

For example, what if our particles interact with one another can we still describe them as independent systems? It is not
clear.
In order to be safe, we had better assume that we cannot still
treat the systems as living in their own spaces and we must now
assemble a suitable composite Hilbert space. The process is
shown in the figure below.

Figure: Hilbert space for 2 quantum systems independent of one
another

In order to do so, let us begin at the level of describing the basis
vectors of our new space. System A involves up and down basis
vectors and so does system B. So, at the level of the basis
vectors, if system A is up, B can be either up or down,
corresponding to
{|↑iA |↑iB , |↑iA |↓iB }
(4.435)
or system A can be down and system B could be either up or
down
{|↓iA |↑iB , |↓iA |↓iB }
(4.436)
Therefore, we build our composite Hilbert space with the four
basis vectors
HAB = {|↑iA |↑iB , |↑iA |↓iB , |↓iA |↑iB , |↓iA |↓iB }

(4.437)

What are these funny objects involving some sort of product of
basis kets? They cannot be any normal type of matrix-vector
multiplication since you cannot multiply a column vector by a
column vector.

Instead, let us proceed as follows. Given our ordering of the four
basis vectors, we can associate them with unit vectors. However,
since there are now four basis vectors, our Hilbert space must be
4-dimensional,
 
 
1
0
0
1

 
|↑iA |↑iB = 
0 , |↑iA |↓iB = 0
0
0
 
 
0
0
0
0

 
|↓iA |↑iB = 
(4.438)
1 , |↓iA |↓iB = 0
0
1
This method of combining two 2-dimensional Hilbert spaces into
a single 4-dimensional Hilbert space is known as a tensor
product. We discussed this earlier and gave it a special symbol
⊗,

HAB = HA ⊗ HB

(4.439)

to indicate that we are multiplying vector spaces together.
Notice that the dimension of the tensor product Hilbert space is
the product of the dimensions of the individual spaces.
Of course, since we have four basis vectors, we must now have
four standard projectors of the type
AB
P̂↑↑
= |↑iA |↑iB A h↑| B h↑|

This notation gets really clumsy after a while, so it is
convention to shorten it to

(4.440)

AB
AB
P̂↑↑
= |↑↑iAB h↑↑| , P̂↑↓
= |↑↓iAB h↑↓|
AB
AB
P̂↓↑
= |↓↑iAB h↓↑| , P̂↓↓
= |↓↓iAB h↓↓|

(4.441)

Tensor Product of Matrices-Repeating earlier ideas for
clarity
We can compute the matrix representations of the projectors for
our composite system by multiplying out each basis vector with
its dual vector. These are 4-dimensional matrices




1 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
AB
AB



P̂↑↑
=
0 0 0 0 , P̂↑↓ = 0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0


AB
 , P̂ AB = 0 0 0 0
P̂↓↑
=
(4.442)
↓↓
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1

Of course, it would be nice to have a systematic method for
constructing operators on the tensor product Hilbert space from
operators that act only on the individual Hilbert spaces. This is
definitely not the standard matrix product, which we can see by
looking at the projectors
AB
P̂↑↑
6= P̂↑A P̂↑B

(4.443)

since


1
0

0
0

0
0
0
0

0
0
0
0


0


 

0
1
0
1
0
1
0
 6=
=
0
0 0
0 0
0 0
0

(4.444)

i.e., clearly their heir dimensions do not match. Instead, we
need a tensor product for the projection matrices that reflects
the same structure as the composite Hilbert space that we
constructed. We symbolize such a product as
AB
P̂↑↑
= P̂↑A ⊗ P̂↑B

(4.445)

How do we perform this tensor product between matrices? Well
first, it needs to be an operation that yields a matrix whose
dimension is the product of the dimensions of the matrices
being multiplied. Second, it has to respect the definition of the
ordering that we used to construct the tensor product Hilbert
space. Such a product is defined by the following


X11 Y X12 Y
A
B
X ⊗Y =
X21 Y X22 Y





Y11 Y12
Y11 Y12
X12
X11 Y21 Y22



Y21 Y22  (4.446)
=

Y11 Y12
Y11 Y12 
X21
X22
Y21 Y22
Y21 Y22
In other words, we take each element in the first matrix and
replace it with a copy of the second matrix scaled by the
element. This process, called the matrix tensor product seems
to do the trick. We can check for projectors

AB
P̂↑↑

(1)P̂↑B
=
⊗
=
(0P̂↑B


 
1 0
1
(0)
(1) 0 0


0
=

1 0
1
(0)
(0)
0 0
0


1 0 0 0
0 0 0 0

=
0 0 0 0
0 0 0 0
P̂↑A

P̂↑B

(0)P̂↑B
(0)P̂↑B

0
0

0 
0

!

and the result checks out. You can verify it for the other
projectors on your own.

4.17.2 Quantum Entanglement and the EPR Paradox
The operators
P̂↑A


=

1 0
0 0


and
A

P̂↑B



1 0
=
0 0 B

(4.447)

look identical to one another. However, they are not really
identical because you are only allowed to use operators
(matrices) with A labels on states with A labels and operators
with B labels in states with B labels. These rules, as we said
earlier, reflect the situation that the particles are separate
physical systems, possibly in distant locations, that have no idea
that the other even exists.
States in the Tensor Product Hilbert Space
These ideas lead to a number of intriguing properties about
composite quantum systems that we will now discuss.

Suppose that we took the state
A
|ψiA = cA
↑ |↑iA + c↓ |↓iA ∈ HA

(4.448)

from Alice’s lab, and the state
B
|ψiB = cB
↑ |↑iB + c↓ |↓iB ∈ HB

(4.449)

from Bob’s lab. Alice and Bob both prepared their systems
completely independently - with no communication between
them to indicate what they were doing in their own labs. When
we bring their systems together, we should express them as
vectors in the composite Hilbert space
A
B
B
|ψiA |ψiB = (cA
↑ |↑iA + c↓ |↓iA ) ⊗ (c↑ |↑iB + c↓ |↓iB ) ∈ HAB
(4.450)
After taking the tensor product between these states, we get

B
A B
A B
A B
|ψiAB = cA
↑ c↑ |↑↑iAB + c↑ c↓ |↑↓iAB + c↓ c↑ |↓↑iAB + c↓ c↓ |↓↓iAB
(4.451)
The important point to notice in this expression is that there is
a special relationship between the coefficients: the coefficient for
each basis vector is the product of the coefficients for the
individual basis vectors in this case.

Quantum Entanglement
In (4.450), we found the expression for two, unrelated,
independent quantum systems expressed in the Hilbert space of
the composite system. However, we know that, in general, we
can describe an arbitrary state in HAB as an arbitrary
superposition of the four basis vectors
|ψiAB = c↑↑ |↑↑iAB +c↑↓ |↑↓iAB +c↓↑ |↓↑iAB +c↓↓ |↓↓iAB (4.452)

This is the most general possible expression for the composite
states since we made sure to use the most general basis possible
and we imposed no relationship between the expansion
coefficients (other than the state must be normalized).
Here is the big question: can every state of the form (4.451)
|ψiAB = c↑↑ |↑↑iAB + c↑↓ |↑↓iAB + c↓↑ |↓↑iAB + c↓↓ |↓↓iAB
be written in the product form (4.450)
B
A B
A B
A B
|ψiAB = cA
↑ c↑ |↑↑iAB + c↑ c↓ |↑↓iAB + c↓ c↑ |↓↑iAB + c↓ c↓ |↓↓iAB

The answer is a resounding no. Consider the simple example
 
0
1
1 
1
1

(4.453)
|ψiAB = √ |↑↓iAB + √ |↓↑iAB = √ 

2
2
2 1
0

Here, if we were to try and find a product state expression for
this special composite state vector, we would first infer that the
product of the individual basis vectors must satisfy
1
B
A B
cA
↑ c↓ = c↓ c↑ = √
2

(4.454)

B
A B
cA
↑ c↑ = c↓ c↓ = 0

(4.455)

and
which are not consistent with each other, i.e., there is no
solution!
Therefore, we must conclude that the state (4.452)
 
0
1
1 
1
1

|ψiAB = √ |↑↓iAB + √ |↓↑iAB = √ 

2
2
2 1
0
cannot be expressed as a product between states in HA and HB .

States in a composite Hilbert space, such as this one, that
cannot be factorized into a product of states in the constituent
Hilbert spaces are referred to as being entangled.
Consequences of Entanglement
I strongly believe that entanglement is the most important
difference between quantum and classical physics. Let us see
why by considering the following situation. Suppose that Alice
and Bob get together in a common lab and prepare the joint
state (4.454)
 
0
1
1 
1
1

|ψiAB = √ |↑↓iAB + √ |↓↑iAB = √ 
2
2
2 1
0
After it is made, Alice takes one of the particles and Bob takes
the other (we can assume Alice takes the first one and Bob
takes the second without loss of generality). Then both of them
return to the individual labs without changing the state of their

When she gets back home, Alice decides to perform a
measurement on her particle to see what state it is in. Such a
measurement, performed by Alice on only part of the pair of
particles, would be described by operators such as the projectors
(remember projectors give us probabilities)


1 0 0 0



0 1 0 0
1 0
1 0

(4.456)
P̂↑A ⊗ IˆB =
=
0 0 0 0
0 0
0 1
0 0 0 0
and

0




0
0
1
0
0
P̂↓A ⊗ IˆB =
=

0 1
0 1
0
0

0
0
0
0

0
0
1
0


0
0

0
1

(4.457)

Notice that these projectors have the correct dimension since
they are the tensor product of 2-dimensional operators.

Also notice that this operator should be interpreted as doing
something to Alice’s particle (the projector part) and nothing to
Bob’s particle as indicated by the identity operator acting on
Bob’s system. The identity operator is the quantum mechanical
way of saying that you did not do anything.
Operators of the above form, a tensor product of a projector on
one component Hilbert space with the identity on the other, are
called partial projectors. First, let us compute the probability
that when Alice measures her particle she obtains the up
outcome
P robA (↑) = AB hψ| P̂↑A ⊗ IˆB |ψiAB

1
 0
1
=√ 0 1 1 0 
0
2
0

0
1
0
0

0
0
0
0


 
0
0
1 1
1
0
√  =
0 2 1 2
0
0
(4.458)

as well as for the down outcome
P robA (↓) = AB hψ| P̂↓A ⊗ IˆB |ψiAB

0
 0
1
=√ 0 1 1 0 
0
2
0

0
0
0
0

0
0
1
0


 
0
0
1 1
1
0
√  =
0 2 1 2
1
0
(4.459)

But here is the truly amazing part. What state do we have
following Alice’s measurement? Suppose that she obtains the up
outcome, then(by the reduction postulate) we get the
measurement eigenstate
 
0
A ⊗ Iˆ

P̂
B
1
↑

|ψiAB = 
ψ 0 AB = q
0 = |↑↓iAB
A
ˆ
AB hψ| P̂↑ ⊗ IB |ψiAB
0
(4.460)

where the denominator is to maintain the normalization.
Similarly, when Alice measures down for her particle, the result
is the projection.
 
0
A ⊗ Iˆ

P̂
B
0
↓
 = |↓↑i
ψ 0 AB = q
|ψiAB = 
AB


1
A
ˆ
AB hψ| P̂↓ ⊗ IB |ψiAB
0
(4.461)
The interpretation of this result is that Alice knows what Bob’s
state is as soon as she performs her measurement. Therefore, a
local operation in her lab tells her global information about the
composite state.
This prediction of quantum mechanics was considered so bizarre
that it prompted Einstein, Podolsky and Rosen to essentially
denounce quantum mechanics as either being wrong or at least
incomplete(we will define this carefully later in these notes).

In order to make their point, the three authors proposed the
following situation, which today is called the EPR Paradox(after
their initials). EPR argued that Alice and Bob could get
together and prepare the state just discussed. Then Bob would
climb aboard a rocket and fly to a distant planet. At that point,
Alice and Bob would both measure their states and
instantaneously know the result of the other person’s
experiment - despite the long distance between them. This
seemingly violates special relativity since it would mean that
Alice’s and Bob’s physical systems somehow exchanged
information at speeds faster than the speed of light.
4.17.3 Entanglement and Communication
To Communicate Superluminally, or Not
The immediate question we may ask is whether or not this
bizarre information gain(what Alice learns about the state of
Bob’s particle) allows them to communicate faster than the
speed of light.

The answer is absolutely, definitely, certainly, NO! The short
answer is that the randomness of the measurement outcomes
saves us, but, this question was still of great concern during
quantum mechanics’ infancy, since it led to a number of
apparent paradoxes that took some time to resolve. We will now
dispel these rumors of superluminal communication once and for
all.
In order to do so, we begin from the state shared by Alice and
Bob
1
1
|ψ+ iAB = √ |↑↓iAB + √ |↓↑iAB
(4.462)
2
2
and suppose that Alice measures the observable of her state
along the z-direction(as we have been doing). Then her possible
outcomes correspond to the partial projectors
P̂↑Az ⊗ IˆB = |↑iA h↑| ⊗ IˆB and P̂↓Az ⊗ IˆB = |↓iA h↓| ⊗ IˆB (4.463)

When Alice measures her up outcome along the z-direction, her
state transforms to
↑z : |ψ+ iAB → q

P̂↑Az ⊗ IˆB

A
ˆ
AB hψ+ | P̂↑z ⊗ IB |ψ+ iAB

|ψ+ iAB = |↑↓iAB

(4.464)
and when she measures down outcome along the z-direction she
gets
↓z : |ψ+ iAB

→q
AB

P̂↓Az ⊗ IˆB
hψ+ | P̂↓Az ⊗ IˆB |ψ+ iAB

|ψ+ iAB = |↓↑iAB

(4.465)
Now, what if Alice decides to perform an alternative procedure
given by measuring whether her particle is up or down along the
x-direction. Now the projectors are given by (using
corresponding eigenstates for the x-direction which we will
derive for spin and polarization later in notes).

1
P̂↑Ax ⊗ IˆB = (|↑i + |↓i) h↑| + h↓|) ⊗ IˆB
2

(4.466)

and

1
P̂↓Ax ⊗ IˆB = (|↑i − |↓i) h↑| − h↓|) ⊗ IˆB
2
i.e., we use
1
1
|↑x i = √ (|↑i + |↓i) and |↓x i = √ (|↑i − |↓i)
2
2

(4.467)

(4.468)

in forming Alice’s projectors. If we work though the algebra we
find for the resulting state when Alice obtains up outcome in
the x-direction
↑x : |ψ+ iAB → q

P̂↑Ax ⊗ IˆB

A
ˆ
AB hψ+ | P̂↑z ⊗ IB |ψ+ iAB

|ψ+ iAB = |↑x ↑x iAB

(4.469)
meaning that when Alice measures up in the x-direction, then
Bob also measures up in the x-direction.

Conversely, when Alice measures down in the x-direction, the
resulting state is
↓x : |ψ+ iAB → q

P̂↓Ax ⊗ IˆB

A
ˆ
AB hψ+ | P̂↓x ⊗ IB |ψ+ iAB

|ψ+ iAB = |↓x ↓x iAB
(4.470)

and Bob also measures down in the x-direction.
Using this for a Communication System
We can now see whether it is possible for Alice and Bob to
communicate by choosing one basis or another when they want
to send different bits of data. For example, suppose that Bob
wishes to send Alice binary zero. He might try to do so by
selecting to measure in the z-direction (use the z-basis). And
when he wishes to send logical one, he would then measure in
the x-direction (use the x-basis). The two parties could agree
upon the following communication protocol:

1. Bob selects a basis, either z or x, to send logical zero or
one, respectively and measures. If he measures up in that
basis, the bit is considered good, otherwise he throws away
the bit.
2. When Alice chooses to measure in the z-basis (provided
Bob also measured in the z-basis), she know that a logical
zero has been sent when she measures down (meaning Bob
found up since the measurements are anti-correlated).
When Alice measures in the x-basis (provided that Bob
measured in the x-basis), she knows that Bob sent her a
logical one when she measures up (also implying that Bob
measured up since the measurements are correlated).

Unfortunately for people like Einstein (who were trying to find
quantum mechanical paradoxes), this communication scheme
conveys no information from Bob to Alice. This is because Alice
must pick her measurement basis randomly. She cannot know
the order in which to choose her measurement bases in advance,
otherwise she would have just carried the classical information
along with her.
Instead, she must guess by flipping a coin prior to each
measurement. Therefore, she picks the x-basis with probability
1/2 and the z-basis with probability 1/2. Unfortunately, when
she picks the wrong basis, her measurement is perfectly
uncorrelated with Bob’s, so no information can be conveyed.
4.17.4 Nonlocality and Tests of Quantum Entanglement
We have seen that entanglement between different components
of a composite quantum system are capable of displaying strong
correlations between the outcomes of measurements performed
on separate components.

In particular, we have been looking at states such as
 
0
1
1
1 
1
 ∈ HAB (4.471)
|ψ+ iAB = √ |↑↓iAB + √ |↓↑iAB = √ 

2
2
2 1
0
in the composite Hilbert space HAB shared by both Alice and
Bob. An essential point to remember, something we learned
earlier, is that it is impossible to factorize this state
|ψ+ iAB 6= |ψA iA |ψB iB

(4.472)

for any possible choice of states. In other words, there is no way
for Alice and Bob to make this state independently (think of the
joint Hilbert space HAB as being the set of states they can make
together and the individual Hilbert spaces HA and HB as the
sets of states that can be made independently.

Indeed, this prediction of quantum mechanics is somewhat
bizarre. It tells us that Alice and Bob working together have
more power than they do working separately. The question we
want to address now is whether or not it would be possible for
Alice or Bob to mimic anything that behaves like quantum
entanglement using classical physics. Classically, we would
expect to have the following properties hold true
1. Objective Reality meaning that even though Alice and Bob
do not know the outcome of measurements they might
perform on their physical systems, the particle itself knows
what outcome it will produce when measured.
2. Local Determinism meaning that if Alice and Bob have
their particles in different space-like separated locations,
anything Alice does should have no effect on what Bob
measures and vice versa. In other words, Alice’s
measurement outcome should be determined only by what
she has in her lab with her.

Bell Inequalities
In order to test whether these classical assumptions are true,
John Bell suggested the following type of experiment back in
the 1960’s. Suppose that there is a pair source midway between
Alice’s and Bob’s labs (which are distant from one another).
That is to say, some device produces arbitrary (possibly
random) states in the joint Hilbert space HAB and then sends
one half of the pair to Alice and one half to Bob. Both Alice
and Bob know when to expect these particles to arrive, but have
no idea what state was made by the source.
Alice and Bob each have a device to measure(up or down) their
incoming particle along one of two different possible axes
(directions). Therefore, think of the measurement devices each
having a switch to select between the two different possible
measurement directions and an output meter to indicate
whether the measurement outcome is up or down along that
direction.

We will label the two different possible measurement directions
by A,A0 and B,B 0 (for example, A might mean to measure along
the z-direction and A0 along the y-direction, and so on).Prior to
each particle arrival, Alice and Bob each pick an independent
direction to measure by setting their respective switches, wait
for the measurement outcome and then record the result. They
can repeat this process many times such that their measurement
record might look something like:
A
A
A0
A
A
A0
A0
A
A0
A

−1
−1
+1
−1
−1
+1
−1
+1
−1
+1

B0
B
B0
B
B0
B
B0
B
B
B

−1
+1
+1
−1
+1
−1
+1
+1
−1
−1

Table: Sample Data

we indicate up by +1 and down by −1.
Given this structure for the experiment, let us return to our
concepts of local determinism and objective reality. Well,
objective reality suggests that each particle should "know"
whether it will be up or down for both possible measurement
settings. Local determinism suggests Alice’s measurement
should be independent of the switch setting on Bob’s
measurement instrument.
Internal Information
Under the combined assumptions of local determinism and
objective reality, each particle must have the following
information encoded into their internal states
An = ±1 A0n = ±1 Bn = ±1 Bn0 = ±1

(4.473)

Each of the four possible measurement labels are treated as
random variables, with the subscript indicating which round of
the measurement.

So, for example, A4 = +1, would mean that if Alice measures
along the direction A in round n = 4, she will get up.
Now, let us consider the following function of the random
variables
gn = An Bn + A0n Bn + An Bn0 − A0n Bn0

(4.474)

Now, were we to tabulate the value of gn for all possible choices
of An , A0n , Bn , Bn0 , we would find that gn = ±2 always. We can
try this out for a set of possible values, for example,
An = +1, A0n = −1, Bn = −1, Bn0 = −1 → gn = −1+1−1−1 = −2
(4.475)
In any case, we may write down the inequality
|

N
N
N
N
N
X
X
X
1 X
1 X
gn | = |
An B n +
A0n Bn +
An Bn0 −
A0n Bn0 | ≤ 2
N
N
n=1
n=1
n=1
n=1
n=1
(4.476)

In other words, since the extrema of gn are ±2, then the average
over many trials must be no larger than +2 and no smaller than
−2. Thus, the absolute value of the average must be no greater
than 2.
We will redo the discussion in section 4.17.2 and 4.17.3, prove
all of these results in detail and greatly expand the discussion of
these topics later in these notes.
This inequality is one of several that are know as Bell
inequalities (this form developed by Clauser, Horne, Shimony
and Holt). The true genius of such an inequality is that it
provides us with a simple test, based only on probability theory,
as to whether or not local determinism and objective reality are
valid assumptions.

Violations of Bell’s Inequality
As you might have already guessed, quantum mechanics violates
this inequality. For a simple example, let us consider the
following scenario, which we will prove in detail later. Assume
that the pair source produces the following state
 
0

1
1
1 
+1

(4.477)
|ψ− iAB = √ |↑↓iAB − √ |↓↑iAB = √ 

2
2
2 −1
0
Also assume that Alice’s measurement A corresponds to
measuring along the axes
A = ẑ , A0 = cos φẑ + sin φx̂
while Bob, on the other hand, measures along the axes

(4.478)

B = ẑ , B 0 = cos φẑ − sin φx̂

(4.479)

Now, all we have to do is compute the averages for all the terms
in the inequality. We will learn how to do this for spin-1/2
particles and photon polarization later. For now, we just state
the results
N
1 X
An Bn = −1 ,
N
n=1

N
1 X
An Bn0 = − cos φ ,
N
n=1

N
1 X 0
An Bn = − cos φ
N

(4.480)

n=1

N
1 X 0 0
An Bn = cos 2φ
N

(4.481)

n=1

If we combine all of these results we find that
N

1 X
gn | = | − 1 − 2 cos φ + cos 2φ|
|hgn i| = |
N
n=1

(4.482)

We can now plot the expectation of gn (φ) and look for
violations of the Bell inequality.

Figure: Quantum Mechanics versus the Bell Inequality

Clearly, we see violation for a range of values of φ.
As we stated earlier, we will have much more to say about this
interesting subject later.

4.18 Expanding on the Density Operator and the
Statistical Description of Quantum Systems
In classical mechanics the state of a system is determined by a
point in phase space. If we do not know the exact positions and
momenta of all particles in the system, we need to use the
probability density function to describe the system statistically
In quantum mechanics the state of a system is characterized by
a state vector in Hilbert space that contains all the relevant
information. To prepare a vector state for a quantum system at
a given time, it suffices to perform a set of measurements on the
system corresponding to a complete set of commuting
observables. However, in practice such measurements are often
impossible. The problem is how to incorporate the
incompleteness of our information into the formalism of
quantum mechanics in order to describe the state of such a
system.

Incompleteness can be formally described in two ways:
(1) One way is to characterize the system as a member of a
mixed ensemble in which we do not know the state vector
of every member, but we know only the probability that an
arbitrary member can be found in a specified state vector.
For example, 70% of the members are characterized by
ψ (1) and the remaining by ψ (2) (these states are not
necessarily orthogonal). We will investigate this approach
later and show that such an ensemble cannot be
characterized by an averaged state vector.
(2) The second way in which a description of the system by a
state vector is impossible is for systems that interact with
others. Such systems are called open systems and are of
particular interest in quantum optics. In such cases we are
interested in only a part of the entire system. It is
convenient to separate the system of primary interest from
that of secondary interest and to call the former the system
and the latter the reservoir. We can eliminate the reservoir
by using the reduced density operator method as we will
describe later.

4.18.1 Statistical Description of Quantum Systems and
the Nonexistence of an Averaged Quantum State
Consider a mixed ensemble of similar systems such that our
information about the state of the members is limited to the
probability distribution over some specified state vectors of the
system {|αi , |βi , |γi , ....} that are not necessarily orthogonal.
For simplicity we assume that they are the eigenvectors of one
of the observables of the system and form a complete basis for
the Hilbert space.
Let A be a Hermitian operator of the system with eigenvectors
{|mi} for m = 1, 2, ...., N , where N is the dimension of the
Hilbert space of the system. Assume that our information about
the system is limited to the set of probabilities {Pm } for finding
the system in the mth eigenvector. Pm satisfies the conditions

0 ≤ Pm ≤ 1 ,
N
X

Pm = 1

(m = 1, ........, N )
(4.483)

m=1

It is reasonable to ask if the system can be described by a state
vector. The state vector of such a system can be any vector
such as
N p
E X
(k)
(k)
=
ψ
Pm eiφm |mi
(4.484)
m=1
(k)

where the phase φm can take on any real number in the interval
(−π, π). State vectors like Eq. (4.484) are called accessible
states of the relevant system. The only parameters that
discriminate one accessible state from another are the phases
(k)
{φm }. Because of their arbitrariness, there is no preference
between these states. So the system can be found in each of its
accessible states with equal probability.

Therefore, the probability distribution over the accessible states
Eq. (4.484) is uniform, although the distribution over the
complete basis {|mi} is nonuniform distribution like Pm .
If the number of accessible states in this ensemble is Ω, the
probability that an arbitrary element of the ensemble is in the
state ψ (k) equals 1/Ω (for every k = 1, ..., Ω). So if we want to
define an averaged quantum state for this system, we should
multiply every accessible state by its corresponding probability
and sum over all states:
ψ̄ =

Ω
X
1 (k) E
ψ
Ω

k=1
Ω
X

N
(k)
1 Xp
Pm eiφm |mi
=
Ω
m=1
k=1
!
N
Ω
Xp
(k)
1 X iφm
=
|mi
Pm
e
Ω
m=1

k=1

(4.485)

Because the number of accessible states is very large, we can
(k)
assume that the φm ’s vary continuously. Then we can change
the sum to an integration, that is
Ω

(k)
1 X iφm
1
e
→
Ω
2π

k=1

Z

π

dφm eiφm

(4.486)

−π

Hence, the averaged quantum state is zero,
ψ̄ = 0

(4.487)

Therefore, such a system cannot be described by a state vector
and we should look for another way to describe it.

We can assign an operator ψ (k) ψ (k) to every accessible state
(4.484). Similar to Eq. (4.484), which defines the ensemble
average of the accessible state vectors, we can define an ensemble
average of these corresponding operators by introducing
ρ=

Ω
X
1 (k) E D (k)
ψ
ψ
Ω

(4.488)

k=1

We will show that in spite of the zero average of the state
vector, the average of ρ does not vanish. If we substitute Eq
(4.484) into Eq. (4.488), we obtain
! N
!
N
Ω
Xp
X
(k)
(k)
1 Xp
Pm eiφm |mi
Pn e−iφn hn|
ρ=
Ω
m=1
n=1
k=1




Ω
N
(k)
(k)
X
1 X p
i φ −φ
=
Pm Pn e m n |mi hn|
(4.489)
Ω
k=1

n,m=1

We separate the double sums in Eq. (4.489) into two separate
sums so that the first one contains the terms with the same m
and n, and the second one contains terms with different m and
n and obtain
!
N
Ω
X
1 X
Pn |ni hn|
ρ=
Ω
n=1
k=1




Ω
(k)
(k)
X
X
p
1
i φ −φ
+
Pm Pn e m n |mi hn|
(4.489)
Ω
k=1

n6=m

In the first sum all the terms are the same. In the second sum
we can exchange the order of the sum over k with that over m
(k)
(k)
(k)
and n and substitute θmn = φm − φn :
!
N
Ω
X
X
Xp
(k)
1 iθmn
Pm Pn
ρ=
Pn |ni hn| +
e
|mi hn| (4.489)
Ω
n=1

n6=m

k=1

The second term in Eq. (4.488) vanishes because the sum over k
can be changed by an integration over θmn just like Eq. (4.485)
i.e.,

Z

π

dθ eiθ = 0

−π

Hence Eq. (4.489) reduces to
ρ=

N
X

Pn |ni hn|

(4.490)

n=1

The operator ρ contains both quantum ( ψ (k) ) and classical
statistical information (Ω). Hence, all the necessary information
for a quantum statistical description of the system is contained
in ρ. This idea can be clarified by calculating the ensemble
average of an observable O of the system. For this purpose we
multiply its expectation value in every accessible state ψ (k) by
its corresponding probability, that is, 1/Ω, and sum over all
states:

hOi =

Ω
Ω
EE
X
X
1 D (k) E
1
hOik =
ψ
O ψ (k)
Ω
Ω

(4.491)

k=1

k=1

If we substitute the state vector Eq. (4.484) into Eq. (4.490)
and follow the same procedure that was done after earlier, we
find that
!
!
N
Ω
N p
X
X
(k)
(k)
1 Xp
hOi =
Pn e−iφn hn| O
Pm eiφm |mi
Ω
=

k=1
N
X

n=1

n=1

Pn hn| O |ni =

m=1

N
X

Pn Onn

(4.492)

n=1

Therefore the ensemble average of an arbitrary operator can be
evaluated by knowing the probability distribution {Pn } and the
complete basis {|ni}, without knowing the state vector.
If we use the completeness of the basis {|ni}, we can write Eq.
(4.492) as

hOi =

N
X

Pn hn| O |ni =

n=1

=

N
X

Pn hn| O |mi hm | ni

m,n=1

N
X

Pn hm | ni hn| O |mi =

m,n=1

=

N
X

N
X

hm|

m=1

hm| ρO |mi

N
X

!
Pn |ni hn| O |mi

n=1

(4.493)

m=1

The right-hand side of Eq. (4.493) is the trace of the operator
ρO and can be rewritten as
hOi = T r(ρO)

(4.494)

The density operator, Eq. (4.493), is sufficient to calculate every
ensemble average of the operators. Therefore the role of the
density operator in the statistical description of quantum
systems is similar to the role of the probability distribution
function in the statistical description of classical systems.

4.18.2 Open Quantum Systems and the Reduced Density
Operator
Most physical systems of interest are not isolated but interact
with other systems. For example, an atom cannot be studied as
an isolated system even if it is in a vacuum because it interacts
with the vacuum state of the surrounding electromagnetic field.
This interaction is the source of many interesting phenomena
such as spontaneous emission, the natural line width, the Lamb
shift, and quantum noise. To study such a system we eliminate
the degrees of freedom of the environment. This elimination
leads to incompleteness of information about the system of
interest so that the description of the system by a state vector is
no longer possible.
Suppose we are interested only in making measurements on a
system S that interacts with its environment R. The Hilbert
space of the composite system S + R is the tensor product

H = HS ⊗ H R

(4.495)

where HS and HR are the Hilbert spaces of the system and
reservoir, respectively.
Let HS and HR be the corresponding Hamiltonians, and {|si}
and {|ri} the energy eigenvectors of the system and its
reservoir, respectively, in the absence of an interaction. Because
the two systems are independent, their operators commute with
each other:
[HS , HR ] = 0
(4.496)
When they are put into contact, the total Hamiltonian is
H = HS + HR + VRS

(4.497)

where VRS is the interaction between the two systems. If we
prepare the composite system at the instant t0 in a product
state

|Ψ(t0 )i = |ψS i ⊗ |ψr i

(4.498)

then any measurement on S at this instant depends only on the
state |ψS i and is independent of the state of the reservoir.
As time evolves, the state of the composite system evolves
according to the Schrodinger equation
∂ |Ψ(t)i
= H |Ψ(t)i
(4.499)
∂t
where H is the total Hamiltonian as in Eq. (4.498). In general
|Ψ(t)i cannot be written in a product form such as Eq. (4.499)
because the interaction energy VRS depends on both systems.
Such a state is called an entangled state.
i~

The question is how we can describe the state of S and make
measurements on it. To answer this question, let us consider an
observable of the system S such as AS and calculate its
expectation value when the state of the composite system is
|Ψ(t)i. For this purpose we can use Eq. (4.495):

hÃS i = T rSR (ρÃS )

(4.500)

where the trace is over the complete basis {|s, ri} of the space
H, and ρ is the density operator of the composite system and is
given by
ρ(t) = |Ψ(t)i hΨ(t)|
(4.501)
ÃS is the operator AS in the composite space H, that is,
ÃS = AS ⊗ IR

(4.502)

where IR is the identity operator in the space HR .
A straightforward calculation then gives
hÃS i = T rS (ρS ÃS )

(4.503)

where ρS is the reduced density operator of the system S in the
space HS and is defined as
ρS = T rS (ρ)

(4.504)

As it is seen from Eq. (4.503), we can calculate the expectation
values of all observables of the system S in its own state space
HS by using its reduced density operator.
A necessary and sufficient condition for a system to be in a pure
state is that the trace of the squareof its density operator
equals unity. But in general T r ρ2S is not necessarily equal to
unity even if the composite system is in a pure state. Therefore
the state of an open system cannot generally be described by a
state vector; instead it is described completely by the reduced
density operator.
The most complete information about a quantum system is
contained in its state vector, but usually our information about
the system is not sufficiently complete to determine the state
vector of the system. The incompleteness of our information can
be incorporated into the formalism of quantum mechanics in
two ways.

One way is to describe the system as a member of a mixed
ensemble in which our information is limited to a probability
distribution over some specified state vectors of the system. We
showed that the ensemble average of the accessible states of the
system is zero and the only way to describe the system is by the
density operator.
In the second case, we wish to make measurements on a part of
a larger system. This part is considered to be an open system
that interacts with the rest of the larger system (the
environment or reservoir), which is not of interest to us. Even if
we can determine the state vectors of the system and the
reservoir at some instant of time, the interaction potential
causes the composite system to evolve into another state in
which the degrees of freedom of both systems are entangled so
that we cannot separate the state of the system from that of the
reservoir. In order to focus on the system of interest we
eliminate the degrees of freedom of the reservoir.

In this way we lose part of the information about the system
that had been coded in the state of the composite system so
that the description of the system by a state vector is no longer
possible, and the system is described by the reduced density
operator.

Chapter 5 How Does It really Work: Photons, K-Mesons
and Stern-Gerlach
5.1 Introduction
Many experiments indicate that electromagnetic waves have a
vector property called polarization. Suppose that we have an
electromagnetic wave (we will just say light from now on)
passing through a piece of Polaroid material. The Polaroid
material has the property that it lets through only that light
whose polarization vector is oriented parallel to a preferred
direction in the Polaroid(called the optic axis).
Classically, if an incident beam of light is polarized parallel to
the optic axis, then experiment says that all of its energy gets
through the Polaroid.
If, on the other hand, it is polarized perpendicular to the optic
axis, then experiment says that none of its energy gets through
the Polaroid.

Classically, if it is polarized at an angle α to the optic axis, then
experiment says that a fraction cos2 α of its energy gets through
the Polaroid.
Many experiments, including several that we will discuss later,
indicate that light(and everything else in the universe as it turns
out) exhibits both "particle-like" and "wave-like" properties.
(We will define both of these terms more carefully later and
decide then if this simple statement makes any sense).
The particle associated with light is called a photon.
Can the experimental polarization/Polaroid results be
reconciled with this idea of a particle-like photon?
Suppose we assume that a light wave that is polarized in a
certain direction is made up of a large number of photons each
of which is polarized in that same direction.

The particle properties of light, as represented by photons,
invariably lead to some confusion. It is not possible to eliminate
all of this confusion at this elementary discussion level because a
satisfactory treatment of photons requires quantum
electrodynamics.
We can, however, make many of the more important physical
properties clear.
Consider a simple representation of a monochromatic
electromagnetic wave (and its associated photons) with angular
frequency ω and wavelength λ moving in a direction given by the
unit vector k̂. Such a monochromatic electromagnetic wave is
composed of N (a very large number) photons, each with energy
E and momentum vecp, such that we have the relationships
E = ~ω

,

h
p~ = ~~k = k̂
λ

(5.1)

where ~k is the wave vector, ~ = h/2π, ω = 2πf , h = Planck’s
constant, f = frequency = c/λ, and c = speed of light. We note
that
h
c
E=
2πf = hf = h = pc
(5.2)
2π
λ
as required by relativity for a particle with zero mass(such as
the photon).
The number of photons in the wave is such that the total energy
of the N photons, N E = N ~ω, is equal to the total energy W in
the electromagnetic wave, i.e., W = N E = N ~ω.
Here, we are using the fact, derived from many experiments,
that the energy of the light wave is quantized and thus can only
take on certain discrete values (its value is a multiple of some
quantum of energy).

When we specify the polarization of light, we are actually giving
~ Light waves are
the direction of the electric field vector E.
generally represented by plane electromagnetic waves. This
~ and the magnetic field
means that the electric field vector E
~ are both perpendicular to the direction of propagation
vector B
specified by ~k. If we choose the direction of propagation to be
~ and
the z-axis, which is specified by the unit vector êz , then E
~
B lie in the x − y plane. Since we are only considering the
~
polarization property at this point, we can concentrate on the E
vector alone. Now, any vector in the x − y plane can be
specified in terms of a pairs of orthonormal vectors (called the
basis) in that plane. The vectors in these orthonormal directions
are called the polarization vectors.
Two standard sets of orthonormal polarization vectors are often
chosen when one discusses polarization.

One of the two sets is
 
1

êx = 0
0

,

 
0

êy = 1
0

(5.3)

which correspond to plane(or linearly)-polarized waves. A
second set is
 
 
1
1
1  
1  
i
−i
, êL = ê− = √
(5.4)
êR = ê+ = √
2 0
2 0
which correspond to circularly polarized waves.
For classical electromagnetic fields, a light wave propagating in
the z-direction is usually described(illustrating with the two
orthonormal sets) by electric field vectors of the forms given
below.

Plane-polarized basis:


 
 
Ex (~r, t)
1
0
~





E(~r, t) = Ex (~r, t) = Ex (~r, t) 0 + Ey (~r, t) 1
0
0
0
= Ex (~r, t)êx + Ey (~r, t)êy

(5.5)

Circularly-polarized basis:


Ex (~r, t)
~ r, t) = Ex (~r, t)
E(~
0
 
 
1
1
Ex (~r, t) + iEy (~r, t) 1   Ex (~r, t) − iEy (~r, t) 1  
√
√
√
√
i +
−i
=
2
2 0
2
2 0
= Ex (~r, t)êR + Ey (~r, t)êL

(5.6)

By convention, we represent the field components by
Ex (~r, t) = Ex0 ei(kz−ωt+αx ) and Ey (~r, t) = Ey0 ei(kz−ωt+αy ) (5.7)
where αx and αy are the (real)phases and Ex0 and Ey0 are the
(real) amplitudes of the electric field components.
Clearly, the polarization state of the light is directly related to
~ vectors in this formulation.
the E
For example, using the above equations, we have these cases:
1. If Ey = 0, then the wave is plane polarized in the x-direction
 
1
~ = Ex êx = Ex 0
E
(5.8)
0

2. If Ex = 0, then the wave is plane polarized in the y-direction
 
0
~

E = Ey êy = Ey 1
(5.9)
0
3. If Ex = Ey , then the wave is plane polarized at 45 ◦
 
1
~ = Ex êx + Ey êy = Ex 1
E
0

(5.10)

4. If Ey = −iEx = e−iπ/2 Ex , then the y-component lags the
x-component by 90 ◦ and the wave is right circularly polarized
 
1
~

E = Ex êR = Ex i 
(5.11)
0

5. If Ey = iEx = eiπ/2 Ex , then the y-component leads the
x-component by 90 ◦ and the wave is left circularly polarized
 
1
~ = Ex êL = Ex −i
E
(5.12)
0
For our present discussion, the above properties of polarization
are sufficient. We will give a more detailed discussion of the
quantum mechanics of photon polarization shortly.
The picture we are proposing assumes that each photon has the
same polarization as the light wave, which is, in fact, verified by
experiment.
This simple experimental property leads to some fundamental
difficulties for classical mechanics.

If the incident beam is polarized parallel or perpendicular to the
optic axis of a Polaroid, then classical physics has no problems
........ all the photons (and thus all the energy) either pass
through or do not pass(and thus none of the energy) through
the Polaroid.
But what about the case where the wave is polarized at 45 ◦ to
the optic axis of the Polaroid?
For the beam as a whole, the experimental result is that 1/2
(cos2 45 ◦ = 1/2) of the total energy and hence 1/2 of the
photons pass through.
But what about any particular photon, each of which is
polarized at 45 ◦ to the optic axis?
Now the answer is not clear at all and the fundamental dilemma
of the subatomic world rears its ugly head.

As will become clear during our discussions of quantum
mechanics, this question about what will happen to a particular
photon under certain conditions is not very precise.
In order for any theory to make clear predictions about
experiments, we will have to learn how to ask very precise
questions. We must also remember that only questions about
the results of experiments have a real significance in physics and
it is only such questions that theoretical physics must consider.
All relevant questions and the subsequent experiments devised
to answer the questions must be clear and precise, however.
In this case, we can make the question clear by doing the
experiment with a beam containing only one photon and
observe what happens after it arrives at the Polaroid. In
particular, we make a simple observation to see whether or not
it passes through the Polaroid.

The most important experimental result is that this single
photon either passes through the Polaroid or it does not. I will
call this type of experiment a go-nogo or yes-no experiment.
We never observe 1/2 the energy of a single photon. We always
observe either zero energy or an energy exactly equal to ~ω.
One never observes a part of a photon passing through and a
part getting absorbed in the Polaroid.
In addition, if a photon gets through, then experiment says that
its polarization vector changes such that it ends up polarized in
a direction parallel to the optic axis of this particular Polaroid
(instead of at 45 ◦ with respect to that axis as it was polarized
beforehand).
In a beam of N photons, each photon will independently behave
as the single photon did in the description above. No
experiment can determine which of the photons will pass
through and which will not, even though they are all identical.

In each experiment, however, exactly 1/2 of the total energy
and 1/2 of the photons will pass through the 45 ◦ Polaroid.
As we shall show later, the only way this result can be
interpreted is to say that each photon has a probability = 1/2 of
passing through the 45 ◦ Polaroid.
We are led to this probabilistic point of view because the energy
of the electromagnetic wave is quantized(or equivalently, that
the electromagnetic wave is made up of photons) and we cannot
have fractions of the energy quantum appearing during an
experiment.
We have managed to preserve the indivisibility of the
photons(the quantization of their energy), but we were able to
do this only by abandoning the comforting determinacy of
classical physics and introducing probability.

The results in this experiment are not completely determined by
the experimental conditions(initial) under control of the
experimenter, as they would have been according to classical
ideas.
As we shall see, the most that we will be able to predict in any
experiment is a set of possible results, with a probability of
occurrence for each.
The experiment described above involving a single photon
polarized at an angle to the optic axis, allows us to ask only one
type of experimental and theoretical question, namely, does the
photon go through or is it absorbed - only a yes-no experiment?
That will turn out to be the only legitimate question we can ask
in this case.
It is the first indication of the way we should frame our
discussion of theory!

We shall see that questions like....
What decides whether a particular photon goes through?
When does a particular photon decide whether it will pass
through?
How does a particular photon change its polarization direction?
cannot be answered by experiment and, therefore, must be
regarded as outside the domain of quantum theory and
possibly all of physics.
What will our theory of quantum mechanics say about the state
of the single photon?

It will be shown that the photon polarized at an angle to the
optic axis is in a very special kind of state that we will call a
superposition of being polarized perpendicular to the optic axis
and of being polarized parallel to the optic axis, i.e., a
superposition of all the possibilities.
In this state, there will exist an extraordinary kind of
relationship between the two kinds(mutually perpendicular
directions) of polarization.
The meaning of the word superposition will follow clearly from
the mathematical formalism and language we have developed in
these notes. It will, however, require a new physical connection
to mathematics.
This, as we shall see later, is suggested by an attempt to express
the meaning of superposition in ordinary language(words). If we
attempt to explain the behavior of the photon polarized at an
angle to the optic axis using ordinary language, then we might
be inclined to say something like this:

the photon is
not polarized parallel to the optic axis
not polarized perpendicular to the optic axis
not simultaneously possessing both polarizations
not possessing neither polarization
For this experiment with only two possible polarizations, these
statements exhaust all the logical possibilities allowed by
ordinary words!
Superposition is something completely different than any of the
above and it is not all of the above.
Its physical content will, however, be precise and clear in our
new mathematical formalism.

When the photon encounters the Polaroid, we are observing it.
We are observing whether it is polarized perpendicular or
parallel to the optic axis of the Polaroid. The effect of this
measurement will be to end up with the photon having one or
the other polarizations(the one we measure). In such a
measurement, the photon always makes a jump from a state of
superposition to a state of a definite polarization. Which of the
two states it jumps to cannot be predicted. We will, as we shall
see, be able to predict the probability of each possibility.
If it jumps into the parallel state, it has passed through. If it
jumps into the perpendicular state, it has been absorbed.
We will have a great deal more to say about the two new words,
superposition and jump, as we proceed. Do not attach any
classical meaning to the word jump as used here. It simply my
attempt to use words for the moment.

5.1.1 Photon Interference
Another classic experiment involving light waves and hence
photons is two-slit interference. The ideas of superposition and
jump will reappear in this case and give us another view to
enhance our understanding(or maybe confusion) at this point.
We will discuss this type of experiment in great detail and in
many different forms in this book. As we shall see, the meaning
of this experiment is easily misunderstood.
This experiment looks at the position and momentum properties
of photons instead of the polarization properties.
For an approximately monochromatic light wave we have some
knowledge of both the position and momentum of the photons.

In particular, the photons must be located near the beam of
light and their momentum is in the direction of propagation of
the beam and has an approximate magnitude
p=

~ω
hf
h
E
=
=
=
c
c
c
λ

(5.13)

According to the standard wave interference description, a
two-slit interference experiment consists of a device which, in
some manner, splits the incoming beam into two beams which
are sent over different physical paths and then recombined, in
some way, so that they can interfere and produce a distinctive
pattern on a screen.
To see the problems directly, we again consider an incident
beam consisting of a single photon. What happens as it passes
through the apparatus?

The photon has only two classical possibilities if it is going to
reach the screen and contribute to the interference pattern, i.e.,
it must follow a path that passes through one of the two slits.
As in the polarization experiment, the correct quantum
description will involve describing the single photon as a
superposition of photons traveling on (at least) two different
paths to the same point on a screen.
Once again, as we shall see in detail later on, if we tried to use
ordinary language to describe the experimental results in the
interference experiment we find ourselves saying that the photon
is
not on path #1
not on path #2
not simultaneously on both paths
not on neither path

What actually happens when we try to determine the energy of
a photon in one of the beams?
When we do the measurement, we always find the photon(all of
the energy in the single photon system) in one of the beams.
When we observe the photon it must somehow jump from being
in a superposition (which generates the interference pattern) to
being entirely in one of the beams (which, as it turns out, does
not generate the interference pattern). One possibility is that
the jump is caused by the measurement of the energy in this
case.
Although, we cannot predict on which path the photon will be
found, we can, however, predict the probability of either result
from the mathematical formalism we will develop for
superposition.
Even more striking is the following result. Suppose we have a
single beam of light consisting of a large number of photons,
which we split up into two beams of equal intensity.

On the average we should have about half of the photons in
each beam.
Now make the two beams interfere.
If we were to assume that the interference is the result of a
photon in one beam interfering with a photon in the other
beam, then we would have to allow two photons to annihilate
each other some of the time (producing interference minima)
and sometimes turn into four photons (producing interference
maxima). This process clearly violates conservation of energy.
The new concept of superposition will enable us to deal with
this problem. Each photon in the original beam will be in a
superposition of being in both beams. The superposition of
possibilities will produce the interference effect. Interference
between two different photons or of the photon with itself is
never required and energy will always be conserved.

We will have a great deal more to say about these and other
experiments as we develop the mathematical formalism of
quantum mechanics. Some questions about this approach
Is it really necessary to introduce the new concepts of
superposition and jump?
In many simple experiments, the classical model of waves and
photons connected in some vague statistical way will be
sufficient to explain many experimental results. The new
quantum ideas do not contribute anything new in these cases.
As we shall see as we progress through this chapter, there are,
however, an overwhelming number of experiments where the
only correct explanation comes from a quantum theory built
around these new concepts and their associated mathematical
formalism.

Will this new theory give us a better model of the photon and of
single photon processes?
I do not believe that the object of a physical theory is to
provide a satisfying model or picture, but instead, to develop a
language that enables us to formulate physical laws and make
experimental predictions.
Models and pictures are holdovers from classical physics as
applied to macroscopic phenomena. In the case of atomic
phenomena and beyond we cannot expect to find an appropriate
model or picture. All such models and pictures rely on classical
concepts and these concepts are totally inadequate in the
microscopic arena. Their main goal seems to be to make the
reader feel more comfortable with the new and strange
phenomena under discussion. Their many misleading
implications, however, often cause misunderstandings that lead
many a student down dead-end paths as they try to understand
quantum mechanics. We will avoid all non-mathematical
models.

Unless one has mastered the correct language and adjusted
one’s mode of thinking, it will not, in general, be possible to
understand modern theoretical physics. For me, a self-consistent
mathematical formulation of the theory that uses a language
appropriate to the physical phenomena involved and is able to
make correct predictions for all experiments constitutes a valid
physical model.
The reasons for observed physical behavior are contained in the
mathematical formalism. There is no deeper physics involved
beyond the mathematical formalism. The only model is the
mathematical formalism and its associated physical connections
along with a language that is needed to understand it and
express what it means in terms of experiments.

What about determinism?
The problems that the concept of superposition presents to the
classical idea of determinism when we create a well-defined
system are so devastating that these old ideas must be
abandoned.
We will discuss these ideas in great detail throughout the book,
but for now a short digression about states, superposition and
measurements seems appropriate.
A classical state is specified by giving numerical values for all
the coordinates and velocities of the constituents of the system
at some instant of time. The subsequent motion is then
determined if we know the force laws.
For a small system, however, we cannot observe it and
determine its properties to the extent required for a complete
classical description.

Thus, any microscopic system is necessarily specified by fewer or
more indefinite data than all the coordinates and velocities at
some instant of time.
In the new mathematical formalism, we will carefully define the
kind of information we can know about a state, which
information we can actually know at a given instant of time and
how we will prepare such states. The prepared states will have
definite values of a specific set of measurable quantities.
In terms of such states, we will define a superposition such that
we have well-defined mathematical relationships between the
different states making up the superposition. The mathematical
definition of a superposition will not be describable with the
classical ideas or pictures or models available, i.e., it will turn
out that when we superpose two states, the nature of the
relationship that exists between them cannot be explained in
terms of classical physical concepts. The system is not partly in
one state and partly in the other in any sense.

We will have to deal with a completely new idea here.
During the course of our discussions, we will need to get
accustomed to the mathematical formalism behind the concept
of superposition and we will need to rely on the formalism and
the mathematics, as expressed by the Dirac language, without
having any detailed classical models.
The new superposed state will be completely defined by the
states involved, the mathematical relationships between them
and the physical meaning of those mathematical relationships as
defined by the formalism.
As we saw in the polarization and interference experiments, we
must have a superposition of two possible states, say A and B.
Suppose that if the system were in state A alone, then a
particular measurement would, with certainty, produce the
result a and if the system were in state B alone, then the same
measurement would, with certainty, produce the result b.

Then, if the system is in the superposed state(of A and B), it
turns out that the same measurement will sometimes produce
the result a and sometimes the result b. Given the mathematical
definition of the superposed state and the rules that we will
specify to relate the physics to the mathematics, we will be able
to predict the probability of getting the result a and the
probability of getting the result b.
We will not be able to predict which result we will get in any
one measurement, i.e., the measurement process will not be
deterministic. Identical measurements on identically prepared
states will not yield identical results in any one measurement.
If we repeat the measurements a large number of times,
however, we can predict the fraction of time we will obtain the
result . That is all we will be able to predict using the formalism
of quantum mechanics we will develop. I firmly believe, that
nature is such that we will not, under any circumstances, be able
to make any more detailed predictions for quantum systems.

So, summarizing the situation before we proceed.....
When physicists try to construct a theory from their
experimental observations they are primarily concerned with
two things:
how to calculate something that will enable them to
predict the results of further experiments
how to understand what is going on in the experiments
Now, it is not always possible to satisfy both of these concerns
at the same time. Sometimes we have a reasonably clear idea of
what is going on, but the mathematical details are so complex
that calculating is very hard. Sometimes the mathematics is
quite clear, but the understanding is difficult.
Quantum mechanics falls into the latter category.

Over the years since quantum mechanics was first proposed, a
very pragmatic attitude has formed.
Physicists realized that an understanding of how electrons could
behave in such a manner would come once they developed the
rules that would enable them to calculate the way they behaved.
So quantum mechanics as a set of rules was developed, as we
shall see in this book.
It has been tested in a large number of experiments and never
been found to be wrong. It works extremely well.
Yet, we are still not sure how the electrons can behave in such a
manner.
In many ways, the situation has even gotten worse over the
years.

Some people, as we shall see, held out the hope that quantum
mechanics was an incomplete theory and that as we did more
experiments we would discover some loose end or new idea that
would allow us to make sense of things.
This has not happened and I believe it never will.
We now carry out the details of a special case that will illustrate
how Quantum Mechanics works and also illustrate the
mathematical formalism that we have developed in earlier
chapters.
5.2 Photon Polarization
~ of plane
As we mentioned earlier, the electric field vector E
electromagnetic waves lies in a plane perpendicular to the
direction of propagation of the wave.

If we choose the z-axis as the direction of propagation, we can
represent the electric field vector as a 2-dimensional vector in the
x − y plane. This means that we will only require two numbers
to describe the electric field. Since the polarization state of the
light is directly related to the electric field vector, this means
that we can also represent the polarization states of the photons
by 2-component column vectors or ket vectors of the form
 
ψx
|ψi =
with the normalization condition hψ | ψi = 1
ψy
(5.14)
The components in the state vectors depend only on the actual
polarization state of the photon. The state vector contains all of
the information that we can have about the state of polarization
of the photon (remember that it consists of just two numbers).

Examples
 
1
|xi =
→ linear polarized photon
0
 
0
→ linear polarized photon
1
 
1 1
|Ri = √
→ right circular polarized photon
2 i
 
1
1
|Li = √
→ left circular polarized photon
−i
2
 
1 1
|45i = √
→ photon linearly polarized at 45 ◦ to the x-axis
1
2
|yi =

The bra vector or linear functional corresponding the ket vector
|ψi is given by the row vector

hψ| = ψx∗ ψy∗
(5.15)

which clearly implies via our inner product rules
 
 ψx
hψ | ψi = ψx∗ ψy∗
= |ψx |2 + |ψy |2 = 1
ψy

(5.16)

In general, for
 
φx
|φi =
φy
the inner product rule says that
 
 ψx
∗
∗
hφ | ψi = φx φy
= φ∗x ψx + φ∗y ψy = hψ | φi∗
ψy

(5.17)

(5.18)

We also have the results
hx | xi = 1 = hy | yi and hx | yi = 0 = hy | xi → orthonormal set
(5.19)
hR | Ri = 1 = hL | Li and hR | Li = 0 = hL | Ri → orthonormal set
(5.20)

Each of these two sets of state vectors is a basis for the
2-dimensional vector space of polarization states since any other
state vector can be written as a linear combination of them, i.e.,
 
 
 
ψx
1
0
|ψi =
= ψx
+ ψy
= ψx |xi + ψy |yi
(5.21)
ψy
0
1
or
 
 
 
ψx − iψy 1
ψx + iψy 1
ψx
|ψi =
=
+
ψy
i
−i
2
2
ψx − iψy
ψx + iψy
√
√
=
|Ri +
|Li
2
2

(5.22)

We can find the components along the basis vectors using
hx | ψi = hx| (ψx |xi + ψy |yi) = ψx hx | xi + ψy hx | yi = ψx (5.23)
hy | ψi = hy| (ψx |xi + ψy |yi) = ψx hy | xi + ψy hy | yi = ψy (5.24)

or
|ψi = |xi hx | ψi + |yi hy | ψi

(5.25)

|ψi = |Ri hR | ψi + |Li hL | ψi

(5.26)

and similarly
Basically, we are illustrating examples of a superposition
principle, which says that any arbitrary polarization state can
be written as a superposition (linear combination) of x- and
y-polarization states or equivalently, as a superposition of rightand left-circularly polarized states.
Our earlier discussions of a beam of light passing through a
polaroid can now be recast in terms of these polarization states.
Classical physics says that the beam is a superposition of an
x-polarized beam and a y-polarized beam and when this beam
passes through an x-polaroid, its effect is to remove the
y-polarized beam and pass the x-polarized beam through
unchanged.

~ 2 which for the
The energy of the classical beam is given by |E|
2
polarization states is proportional to |ψx | + |ψy |2 . Thus, the
beam energy after passing through an x-polaroid is proportional
to |ψx |2 . The fraction of the beam energy or the fraction of the
number of photons in the beam that passes through is given by
|ψx |2
= |ψx |2 = | hx | ψi |2
|ψx |2 + |ψy |2

(5.27)

for states normalized to 1. Our earlier discussion for the case of
a single photon forced us to set this quantity equal to the
probability of a single photon in the state |ψi passing through
an x-polaroid or
probability of a photon in the state |ψi passing through an
x-polaroid = | hx | ψi |2
This agrees with the mathematical results we derived in
Chapter 4.

This all makes sense in an ensemble interpretation of the state
vector, that is, that the state vector represents the beam or
equivalently, many copies of a single photon system.
We then define hx | ψi as the probability amplitude for the
individual photon to pass through the x-polaroid.
Another example confirming these results is light passing
through a prism. A prism passes right-circularly-polarized(RCP)
light and rejects(absorbs) left-circularly-polarized(LCP) light.
Since we can write
|ψi = |Ri hR | ψi + |Li hL | ψi
we can generalize the polaroid result to say

(5.28)

amplitude that a photon in the state |ψi passes through a
prism = hR | ψi
and
probability that a photon in the state |ψi passes through a
prism = | hR | ψi |2
Polaroids and prisms are examples of go-nogo devices. Certain
photons are passed through while others are absorbed in these
devices.
We note that the probability is independent of the phase of the
state, but the amplitude depends on phase. This will be a
crucial point later on in our discussion.

5.2.1 How Many Basis Sets ?
We have already seen two examples of basis sets for the
2-dimensional vector space of polarization states, namely,
{|xi , |yi} and {|Ri , |Li}

(5.29)

In the 2-dimensional vector space there are an infinite number
of such orthonormal basis sets related to the {|xi , |yi} set.
They are all equivalent for describing physical systems (they
correspond to different orientations of the polaroid in the
experimental measurement). We can obtain the other sets say
{|x0 i , |y 0 i}, by a rotation of the bases (or axes) as shown in
Figure 5.1 below.

Figure: Rotation of Axes

We then have in the x − y basis
  

ψx
hx | ψi
|ψi = ψx |xi + ψy |yi =
=
ψy
hy | ψi

(5.30)

and if we choose to use the equivalent x0 − y 0 basis we have

0

|ψi = ψx0 x + ψy0 y

0


=

ψx0
ψy0



 0

hx | ψi
=
hy 0 | ψi

(5.31)

How are these components related to each other? We have
|ψi = |xi hx | ψi + |yi hy | ψi

(5.32)

x0 ψ = x0 x hx | ψi + x0 y hy | ψi

(5.33)

which implies

or in matrix notation
y 0 ψ = y 0 x hx | ψi + y 0 y hy | ψi
or in matrix notation
  0
 

 0
hx | ψi
hx | xi hx0 | yi
hx | ψi
=
=
hy 0 | ψi
hy 0 | xi hy 0 | yi
hy | ψi

(5.34)

(5.35)

So we can transform the basis (transform the components) if we
can determine the 2 × 2 transformation matrix
 0

hx | xi hx0 | yi
(5.36)
hy 0 | xi hy 0 | yi
It turns out that this result is quite general in the sense that it
holds for any two bases, not just the linearly polarized bases we
used to derive it.
For the linear(plane) polarized case, we can think of an analogy
to unit vectors along the axes in ordinary space as shown on the
right in last figure. Then we have(by analogy)
êx · êx0 = cos θ = x0 x
êy0 · êy = cos θ = y 0 y

,
,

êx0 · êy = sin θ = x0 y

(5.37)

êy0 · êx = − sin θ = y 0 x

(5.38)

or
x0 = x x0 |xi + y x0 |yi = cos θ |xi + sin θ |yi

(5.39)

y 0 = x y 0 |xi + y y 0 |yi = − sin θ |xi + cos θ |yi

(5.40)

and the transformation matrix, R̂(θ), is
 0
 

hx | xi hx0 | yi
cos θ sin θ
R̂(θ) =
=
hy 0 | xi hy 0 | yi
− sin θ cos θ
so that

 


 0
hx | ψi
cos θ sin θ
hx | ψi
=
hy 0 | ψi
− sin θ cos θ
hy | ψi

(5.41)

(5.42)

There are two equivalent ways to interpret these results. First,
we could say it tells us the components of |ψi in the rotated
basis (we keep the vector fixed and rotate the axes). Second, we
can rotate the vector and keep the axes fixed(rotate in the
opposite direction).

In this case, we regard
 0

hx | ψi
hy 0 | ψi

(5.43)

as a new vector |ψ 0 i whose components in the fixed x − y basis
are the same as the components of |ψi in the x0 − y 0 -basis or
x0 ψ = x ψ 0

and y 0 ψ = y ψ 0

(5.44)

For real ψx and ψy , |ψ 0 i is the vector |ψi rotated clockwise by θ
or, regarding R̂(θ) as a linear operator in the vector space we
have
ψ 0 = R̂(θ) |ψi
(5.45)
It is not a Hermitian operator, however, so it cannot represent
an observable. It is a transformation of vectors and according to
our earlier discussion, it should be a unitary operator. We can
see this as follows:


cos θ − sin θ
= R̂T (θ) = R̂† (θ) (5.46)
R̂−1 (θ) = R̂(−θ) =
sin θ cos θ

Since R̂(θ) is a unitary transformation operator for rotations,
our earlier discussions say that we should be able to express it
as an exponential operator involving the angular momentum
with respect to the axis of rotation (z-axis) Jˆz , of the form
ˆ

R̂(θ) = eiθJz /~

(5.47)

Now, we can rewrite R̂(θ) as






cos θ sin θ
1 0
0 −i
R̂(θ) =
= cos θ
+ i sin θ
− sin θ cos θ
0 1
i 0
= cos θIˆ + i sin θQ̂
(5.48)
where the physical meaning of the operator


0 −i
Q̂ =
i 0
is yet to be determined.

(5.49)

Expanding (5.47) in a power series we have
R̂(θ) = R̂(0) +

+

1
3!

1 dR̂(θ)
1! dθ

d3 R̂(θ)
dθ3

1
= Iˆ +
1!

θ+
θ=0

θ3 +
θ=0

iJˆz
~

ˆ

= eiθJz /~

!
θ+

1
4!

1
2!

1 d2 R̂(θ)
2! dθ2

θ2
θ=0

d4 R̂(θ)

θ4 + . . .
dθ4
θ=0
!2
!3
ˆz
iJˆz
1
i
J
θ2 +
θ3 + . . .
~
3!
~
(5.50)

Now let us assume that ~Q̂ = Jˆz , where Jˆz is defined in (5.47).
We then have the following algebraic results.


 

0 −i
0 −i
1 0
2
2 2
ˆ
Jz = ~ Q̂ =
=
= ~2 Iˆ
(5.51)
i 0
i 0
0 1
which implies that

Jˆz3 = ~2 Jˆz

,

Jˆz4 = ~2 Jˆz2 = ~4 Iˆ ,

Jˆz5 = ~4 Jˆz and so on
(5.52)

This gives
ĵz 3 (i)4 Iˆ 4
(i)2 Iˆ 2
ĵz
ˆ
θ + (i)
θ +
θ + ...
R̂(θ) = eiθJz /~ = Iˆ + (i) θ +
~  2!
3!~ 
4!

θ2 θ4
θ3
= 1−
+
− ... + i θ −
+ ...
2!
4!
3!
= cos θIˆ + i sin θ~Jˆz = cos θIˆ + i sin θQ̂
(5.53)
as in (5.48).
So everything, exponential form of the rotation operator and
matrix form of the rotation operator, is consistent if we choose


0 −i
Jˆz = ~Q̂ = ~
(5.54)
i 0
This corresponds to the matrix representation of Jˆz in
the{|xi , |yi} basis.

We now work out the eigenvectors and eigenvalues of R̂(θ) as
given by the equation
R̂(θ) |ψi = c |ψi

(5.55)

where c = the eigenvalue corresponding to the eigenvector |ψi.
ˆ we
Since all vectors are eigenvectors of the identity operator I,
only need to find the eigenvectors and eigenvalues of Jˆz in order
to solve the problem for R̂(θ), i.e.,
i
R̂(θ) |ψi = cos θIˆ |ψi+i sin θQ̂ |ψi = cosθ |ψi+ sin θJˆz |ψi = c |ψi
~
(5.56)
ˆ
If we let(since R̂(θ) and Jz commute they have common
eigenvectors)
Jˆz |ψi = λ |ψi
(5.57)
then we have

i
R̂(θ) |ψi = cos θIˆ |ψi+i sin θQ̂ |ψi = cos θ |ψi+ sin θJˆz |ψi = c |ψi
~
(5.58)
or
iλ
sin θ
(5.59)
c = cos θ +
~
ˆ we have
Now, since Jˆz2 = ~2 I,
Jˆz2 |ψi = λ2 |ψi = ~2 Iˆ |ψi = ~2 |ψi
(5.60)
which says that
λ2 = ~2 or λ = ±~ = eigenvalues of Jˆz

(5.61)

We can find the corresponding eigenvectors by inserting the
eigenvalues into the eigenvalue equation
Jˆz |Jz = ~i = ~ |Jz = ~i
(5.62)
We assume that
 
a
|Jz = ~i =
where |a|2 + |b|2 = 1
b

(5.63)

to get from (5.62)

 


 
0 −i
a
−ib
a
~
=~
=~
i 0
b
ia
b

(5.64)

This gives the result ia = b which together
√ with the
normalization condition says that a = 1/ 2. We have
arbitrarily chosen a to be real since only the relative phase
√
between components is important. This then gives b = i/ 2.
Finally, we have the eigenvector
 
1 1
= |Ri
(5.65)
|Jz = ~i = √
2 i
Similarly, we get
1
|Jz = −~i = √
2



1
−i


= |Li

(5.66)

So the eigenvectors of Jˆz and hence of R̂(θ) are the RCP and
LCP basis states. We then have


i
ˆ
ˆ
R̂θ) |Ri = cos θI + sin θJz |Ri
~
= (cos θ + i sin θ) |Ri
= eiθ |Ri

(5.67)

R̂(θ) |Li = e−iθ |Li

(5.68)

Similarly,
This agrees with our earlier discussion where we found that the
eigenvalues of a unitary operator have complex exponential
form.
Physically, this says that |Ri and |Li are only changed by an
overall phase factor under a rotation of the basis. This allows us
to easily specify what happens to an arbitrary vector |ψi under
rotations.

The procedure we will use next is, as we will see over and over
again, the standard way to do things in quantum mechanics.
First, we expand the arbitrary vector in the {|Ri , |Li} basis
|ψi = |Ri hR | ψi + |Li hL | ψi

(5.69)

We then apply the rotation operator to obtain
R̂(θ) |ψi = R̂(θ) |Ri hR | ψi + R̂(θ) |Li hL | ψi
= eiθ |Ri hR | ψi + e−iθ |Li hL | ψi

(5.70)

or the RCP component of the vector is multiplied by the phase
factor eiθ and the LCP component of the vector is multiplied by
a different phase factor e−iθ . Thus, rotations change the relative
phase of the components, which is a real physical change (as
opposed to an overall phase change of the state vector).

We interpret (reasons will be clear later) these results to say
that the RCP photon is in a state which is an eigenvector of Jˆz
with eigenvalue +~ or that the photon in that state has
z-component of spin = +~. Similarly, a LCP photon has
z-component of spin = −~.
Now, it is an experimental fact that if a photon traveling in the
z-direction is absorbed by matter, then the z-component of the
angular momentum of the absorber increases by ~ or decreases
by ~. It never remains the same, nor does it change by any
value other than ±~.
One cannot predict, for any single photon, whether the change
will be +~ or −~. We can, however, predict the probability of
either value occurring. In particular, according to our
probability formalism, we must have

| hR | ψi |2 = probability of +~ ,

| hL | ψi |2 = probability of −~
(5.71)
and the average value of the z-component of the angular
momentum is
X
hJˆz i =
(eigenvalue) × (probability of the eigenvalue)
all possibilities

(5.72)
or
hJˆz i = +~| hR | ψi |2 − ~| hL | ψi |2

(5.73)

In general, a photon is neither pure RCP nor pure LCP and the
angular momentum does not have a definite value.
We can still talk in terms of probabilities, however. The
discreteness of the angular momentum spectrum forces a
probabilistic interpretation on us.
We can easily see how all of this works using our mathematical
formalism for average values as follows:

hJˆz i = hψ| Jˆz |ψi
= (hψ | Ri hR| + hψ | Li hL|)Jˆz (|Ri hR | ψi + |Li hL | ψi)
= (hR | ψi∗ hR| + hL | ψi∗ hL|)Jˆz (|Ri hR | ψi + |Li hL | ψi)
= hR| Jˆz |Ri | hR | ψi |2 + hL| Jˆz |Li | hL | ψi |2
+ hR| Jˆz |Li hR | ψi∗ hL | ψi + hL| Jˆz |Ri hL | ψi∗ hR | ψi
= +~| hR | ψi |2 − ~| hL | ψi |2

(5.74)

as we showed earlier(5.73).
Let us return for a moment to the matrix representation of the
Jˆz operator. We have found the following results:
Jˆz |Ri = +~ |Ri and Jˆz |Li = −~ |Li
In the {|Ri , |Li} basis, these relations imply the matrix
representation

(5.75)

Jˆz =



hR| Jˆz |Ri hR| Jˆz |Li
hL| Jˆz |Ri hL| Jˆz |Li




=~


1 0
0 −1

(5.76)

which is the standard form of Jˆz in terms of one of the so-called
Pauli matrices, namely,


1 0
σ̂z =
→ Jˆz = ~σ̂z
(5.77)
0 −1
Now
i
1
|xi = √ (|Ri + |Li) and |yi = √ (|Ri − |Li)
2
2

(5.78)

and, therefore, in the {|xi , |yi} basis we have the matrix
representation




ˆz |xi hx| Jˆz |yi
hx|
J
0
−i
Jˆz =
=~
(5.79)
i 0
hy| Jˆz |xi hy| Jˆz |yi
which is the form we guessed and used earlier.

5.2.2 Projection Operators
Let us now turn our attention to projection operators and
density operators in the context of photon polarization.
The general operator |ψi hφ| can be represented by a 2 × 2
matrix in the polarization state vector space. It is constructed
using the outer product rule:

 


ψx φ∗x ψx φ∗y
ψx
∗
∗
φx φy =
(5.80)
P̂ = |ψi hφ| =
ψy φ∗x ψy φ∗y
ψy
or equivalently, by choosing a basis and finding the matrix
representation

 

hx| P̂ |xi hx| P̂ |yi
hx | ψi hφ | xi hx|ψ| hφ | yi
P̂ =
=
hy|ψ| |φ|xi
hy|ψ| |φ|yi
hy| P̂ |xi hy| P̂ |yi


ψx φ∗x ψx φ∗y
=
ψy φ∗x ψy φ∗y

In particular, we have for

1
|xi hx| =
0

0
|yi hx| =
1

the projection operators



0
0 1
, |xi hy| =
0
0 0



0
0 0
, |yi hy| =
0
0 1

From these results we easily see that


1 0
|xi hx| + |yi hy| =
= Iˆ
0 1

(5.81)

(5.82)

and
|ψi = Iˆ |ψi = (|xi hx| + |yi hy|) |ψi
 
ψx
= |xi hx | ψi + |yi hy | ψi =
ψy

(5.83)

as they should. Similarly, we have
|Ri hR| + |Li hL| = Iˆ

(5.84)

which leads to
Jˆz = Jˆz Iˆ = Jˆz (|Ri hR| + |Li hL|)
= ~ |Ri hR| − ~ |Li hL|

(5.85)
(5.86)

which is the expansion of the operator Jˆz in terms of eigenvalues
and 1-dimensional subspace projection operators (eigenvectors)
that we discussed earlier.
5.2.3 Amplitudes and Probabilities
The probability interpretation we have been making follows from
the concept of superposition. The superposition idea says that
we can write any arbitrary photon state as a linear combination
of basis states
|ψi = |Ri hR | ψi + |Li hL | ψi

(5.87)

We then interpreted | hR | ψi |2 as the probability that the
photon in the state |ψi will behave as a RCP photon in the
state |Ri.
Generalizing this statement, we say that a system in a state |ψi,
in Quantum Mechanics, has a probability | hφ | ψi |2 of behaving
like it was in the state |φi.
You might now conclude, from the experimental fact that only
±~ is transferred to matter by light, that photons are always
either in the state |Ri with some probability α or in the state |li
with probability 1 − α.
FACT: An x-polarized photon never passes through a
y-polaroid
PROBLEM: If, the above interpretation of being either |Ri or
|Li was true, then

1. an x-polarized photon has a probability | hR | xi |2 = 1/2 of
being RCP and a RCP photon has a probability
| hy | Ri |2 = 1/2 of being a y-polarized photon and thus
passing through a y-polaroid.
2. an x-polarized photon has a probability | hL | xi |2 = 1/2 of
being LCP and a LCP photon has a probability
| hy | Li |2 = 1/2 of being a y-polarized photon and thus
passing through a y-polaroid.
This means that if we assume we can think that the photon is
either |Ri or |Li but we do not know which, i.e., photon
properties have an objective reality, then the total probability
that an x-polarized photon would get through a y-polaroid in
this interpretation is
1
2
(5.88)

total probability = | hR | xi |2 | hy | Ri |2 +| hL | xi |2 | hy | Li |2 =

However, as we stated, it NEVER HAPPENS. What is wrong?
SOLUTION: When we think of an x-polarized photon as
being a RCP photon or a LCP photon with equal probability,
we are ruling out the possibility of any interference between the
RCP and LCP amplitudes. We are thinking classically!
We give meaning to the word interference here in this way.
The correct calculation of the probability, which lays the
foundation for all of the amplitude mechanics rules in Quantum
Mechanics, goes as follows:
1. The probability amplitude of an x-polarized photon passing
through a y-polaroid = hy | xi = 0, which implies that the
probability | hy | xi |2 = 0 also.

2. If we say that the x-polarized photon is in a superposition of
|Ri and |Li (we make no statement about probabilities at this
point), this implies that
|xi = |Ri hR | xi + |Li hL | xi

(5.89)

hy | xi = hy | Ri hR | xi + hy | Li hL | xi

(5.90)

which gives

or the amplitude for an x-polarized photon to pass through a
y-polaroid is the sum of two amplitudes, namely, that it passes
through as a RCP photon hy | Ri hR | xi and that it passes
through as a LCP photon hy | Li hL | xi.

3. The probability of passing through is then the absolute square
of the total amplitude
probability = | hy | Ri hR | xi + hy | Li hL | xi |2

= (hy | Ri∗ hR | xi∗ + hy | Li∗ hL | xi∗ )(hy | Ri hR | xi + hy | Li hL | x
= | hR | xi |2 | hy | Ri |2 + | hL | xi |2 | hy | Li |2
hy | Ri hR | xi hy | Li∗ hL | xi∗ + hy | Ri∗ hR | xi∗ hy | Li hL | xi
4. The first two terms are the same as the incorrect calculation
(6.88) above. The last two terms represent interference effects
between the two amplitudes (RCP way and LCP way).
A simple calculation shows that the interference terms exactly
cancel the first two terms and that the probability equals zero in
agreement with experiment!

INTERPRETATION: The way to interpret this result is as
follows:
hy | Ri hR | xi = probability amplitude for an x-polarized photon to
pass through a y-polaroid as a RCP photon
hy | Li hL | xi = probability amplitude for an x-polarized photon to
pass through a y-polaroid as a LCP photon
These are indistinguishable ways for the process to occur, i.e., no
measurement exists that can tell us whether it passes through
the system as an RCP photon or as a LCP photon without
destroying the interference,i.e., without radically altering the
experiment.
To get the correct total probability, we add all the amplitudes
for indistinguishable ways and then square the resulting total
amplitude.

In the incorrect calculation, we found the probability for each
indistinguishable way and then added the probabilities.
In one case, we eliminated the interference effects and got the
wrong result and, in the other case, we included the interference
effects and obtained the correct result.
Summarizing, we have these rules for amplitude mechanics and
probabilities in Quantum Mechanics:
1. The probability amplitude for two successive events is the
product of the amplitudes for each event, i.e., the amplitude for
the x-polarized photon to pass through the y-polaroid as a RCP
polarized photon is the product of the amplitude for an
x-polarized photon to be a RCP photon hR | xi and the
amplitude for a RCP photon to be a y-polarized photon hy | Ri
hR | xi hy | Ri

2.The total amplitude for a process that can take place in
several indistinguishable ways is the sum of the amplitudes for
each individual way, i.e.,
hy | xi = hR | xi hy | Ri + hL | xi hy | Li
We note here that this is merely a reflection of the property of
projection operators that
Iˆ = |Ri hR| + |Li hL|
which says that
hy | xi = hy| Iˆ |xi = hR | xi hy | Ri + hL | xi hy | Li
Thus, the mathematical sum over all projection
operators being equal to the identity operator is
physically equivalent to the sum over all possible
intermediate states and it turns into a sum over all the
amplitudes for indistinguishable ways in this
interpretation.

3. The total probability for the process to occur is the absolute
square of the total amplitude.
So, in classical physics, we
1. find amplitudes and probabilities of each way separately
2. add all probabilities to get total probability
We get NO interference effects!!
In Quantum Mechanics, we
1. find the amplitudes for each indistinguishable way the
process can occur
2. add all the amplitudes to get a total amplitude
3. square the total amplitude to get the total probability
We get interference effects!!
The important result here is that we must consider ALL
INDISTINGUISHABLE WAYS in step (2).

An indistinguishable way is characterized as follows:
1. If two ways are indistinguishable, then there exists no
measurement that can decide which of the two ways
actually happened without altering the experiment.
2. In particular, if we attempt to find out, then the
interference effects will disappear and we will return to the
classical result obtained by adding probabilities.
What actually happens is that during any measurement trying
distinguish the ways, the relative phase of the components in
the superposition becomes completely uncertain and this will
wash out the interference. This happens as follows: instead of
|xi = |Ri hR | xi + |Li hL | xi

(5.91)

we would have, if we attempted to add a measurement to
determine if the x-polarized photon was RCP or LCP, to
consider the state
|x̃i = eiαR |Ri hR | xi + eiαL |Li hL | xi

(5.92)

A probability calculation then gives
total probability = | hy | Ri hR | xi + hy | Li hL | xi |2
h
i
+ 2Real hy | Ri hR | xi ei(αR −αL ) hy | Li∗ hL | xi∗
(5.93)
The observed probability, which is the result of many identical
measurements in the laboratory(in the standard interpretation),
is an average over all values of the extra phases(they are random
in different experiments).
This involves integrating over the relative phase,i.e.,
Z 2π
1
ei(αR −αL ) d(αR − αL ) = 0
2π 0

(5.94)

It is clear that the interference term averages to zero and we get
the classical result! This means we cannot add such a
measurement and retain any quantum results!

5.2.4 Pure States, Unpure States and Density Operators
If the photon were in the state |xi, then we would have, for
some linear operator Â
hÂi = hx| Â |xi

(5.95)

From our earlier discussion of density operators, however, we
must also have,
hÂi = T r(Ŵ Â)
(5.96)
where Ŵ is a density operator. Therefore we must have (using
the {|xi , |yi} basis)
hÂi = hx| Â |xi = T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi
= hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi
= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi
+ hy| Ŵ |xi hx| Â |yi + hy| Ŵ |yi hy| Â |yi

This implies that
hx| Â |xi = 1 and hy| Â |xi = hx| Â |yi = hy| Â |yi = 0
or



1 0
Ŵ =
= |xi hx|
0 0

(5.97)

(5.98)

which says that |xi is a pure state.
Now suppose that the photon is in the state
1
1
|ψi = √ |xi + √ |yi
2
2

(5.99)

This says that the probability = 1/2 that the photon behaves
like |xi and the probability = 1/2 that it behaves like |yi. Note
that the relative phase between the components is assumed to
be known exactly in this state. In this case, we have

i
1h
hx| Â |xi + hx| Â |yi + hy| Â |xi + hy| Â |yi
2
= T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi
= hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi

hÂi = hψ| Â |ψi =

= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi
+ hy| Ŵ |yi hx| Â |xi + hy| Ŵ |yi hy| Â |yi
which implies that
1
hx| Ŵ |xi = = hy| Ŵ |yi = hy| Ŵ |xi = hx| Ŵ |yi
2
or


 

1 1 1
1 1
1 1 = |ψi hψ|
Ŵ =
=
2 1 1
2 1
So, again we have a pure state.

(5.100)
(5.101)

But what happens if we only know that the probability = 1/2
that the photon behaves like |xi and the probability = 1/2 that
it behaves like |yi.

This says that we might write the state vector as
|ψi = a |xi + b |yi

(5.102)

where we only know that |a|2 = |b|2 = 1/2. Let us choose
eiαa
eiαb
a = √ and b = √
2
2

(5.103)

We do not have any phase information in this case. In addition,
the phases values could be different in each separate experiment.
This last fact means that we must average over the relative
phase (the only meaningful phase) αa − αb when computing the
probabilities and this means that all interference effects will
vanish.
When we calculate the expectation value we have

hÂi = hψ| Â |ψi
i
1h
hx| Â |xi + hx| Â |yi e−i(αa −αb ) + hy| Â |xi ei(αa −αb ) + hy| Â |yi
=
2
and when we average over the relative phase we obtain
hÂi =

1
1
hx| Â |xi + hy| Â |yi
2
2

Again, we must have
hÂi = T r(Ŵ Â) = hx| Ŵ Â |xi + hy| Ŵ Â |yi
= hx| Ŵ IˆÂ |xi + hy| Ŵ IˆÂ |yi
= hx| Ŵ |xi hx| Â |xi + hx| Ŵ |yi hy| Â |xi
+ hy| Ŵ |yi hx| Â |xi + hy| Ŵ |yi hy| Â |yi
which implies that
hx| Ŵ |xi =

1
= hy| Ŵ |yi and hy| Ŵ |xi = hx| Ŵ |yi = 0
2

or
1
Ŵ =
2



1 0
0 1


=

1
1
|xi hx| + |yi hy|
2
2

= P rob(x) |xi hx| + P rob(y) |yi hy|
This is a nonpure or mixed state.
So, we have a pure state only if the relative phase information is
known exactly.
The way to describe a nonpure state is by the corresponding
density matrix, which only requires knowing probabilities and
not phases. It really does not have a state vector.

5.2.5 Unpolarized Light
Consider the following experiment. We have a beam of
monochromatic light that is composed of photons from two
sources which output photons in the states |ψ1 i or |ψ2 i,
respectively. The sources emit the photons randomly and are
independent of each other, which implies that we cannot tell
which source any particular photon comes from.
We assign these probabilities
p1 = probability that a photon comes from source #1
p2 = probability that a photon comes from source #2
where p1 + p2 = 1. Now the probability that a particular
observed photon transfers ~ is
p+ = p1 | hR | ψ1 i |2 + p2 | hR | ψ2 i |2

(5.104)

and the probability that it transfers −~ is
p− = p1 | hL | ψ1 i |2 + p2 | hL | ψ2 i |2

(5.105)

This implies that the average value of the angular momentum
transfer for the beam of photons is
hJˆz i = ~p+ − ~p−
= ~p1 | hR | ψ1 i |2 + ~p2 | hR | ψ2 i |2 − ~p1 | hL | ψ1 i |2 − ~p2 | hL | ψ2 i |2




= p1 ~| hR | ψ1 i |2 − ~| hL | ψ1 i |2 + p2 ~| hR | ψ2 i |2 − ~| hL | ψ2 i |2
= p1 hJˆz i1 + p2 hJˆz i2
or, the average value of the angular momentum transfer for the
beam of photons = sum over the average value in each beam
weighted by the probability that photon comes from that beam.
Let me emphasize(once again) at this point that it is important
to realize that the statement

The photon is either in the state |ψ1 i or |ψ2 i but we
do not know which
is NOT the same statement as
The photon is in a state which is a superposition of
|ψ1 i and |ψ2 i
In the second case, we are saying the relative phase is known as
in the state
1
1
|ψi = √ |xi + √ |yi
(5.106)
2
2
which we found to be a pure state. Being in a superposition
implies that we know the relative phase of the components.
In the first case, however, we are saying that the relative phase
is unknown and, as we have seen, interference effects will vanish.
We can only specify a density matrix in this case.

In pure states, we have superpositions and the probability
amplitude rules apply. In nonpure or mixed states, where the
system is in one of several states with definite probabilities, we
find weighted averages (weighted with the state probabilities) of
the value in each state. We use addition of probabilities with no
interference effects, which as we have seen, is equivalent to
saying the relative phase is unknown.
Unpolarized light has equal probability of being in any
polarization state. It is just a special nonpure or mixed state.
No relative phase information is known for unpolarized light.
5.2.6 How Does the Polarization State Vector Change?
Up to now we have been considering devices such as polaroids
and prisms, which are go-nogo devices. Some photons get
through and some do not for each of these devices depending on
their polarization state.

We now consider devices where all the photons get through no
matter what their polarization state is, but, during transit, the
device changes the incident polarization state in some way.
In particular, we consider the example of a birefringent crystal,
such as calcite. A calcite crystal has a preferred direction called
the optic axis. The crystal has a different index of refraction for
light polarized parallel to the optic axis than it has for light
polarized perpendicular to the optic axis. We assume that the
optic axis is in the x-y plane and send a beam of photons in the
z-direction. Photons polarized perpendicular to the optic axis
are called ordinary and are in the state |oi and photons
polarized parallel to the optic axis are called extraordinary and
are in the state |ei.
The set {|oi , |ei} forms an orthonormal basis and general
photon states interacting with a calcite crystal are written as
superpositions of these basis states.
This is an example of a general rule in quantum mechanics.

If we are doing an experiment using a particular measuring
device that measures the observable Q̂, then we should use as
the basis for all states, the eigenvectors of Q̂. As we shall see,
this requirement pushes us to ask the correct experimental
questions (those that quantum mechanics can answer). This
particular basis is called the home space for the experiment.
Now the phase of a light wave with wavelength λ as it
propagates through a medium in the z-direction is given by the
quantity
φ = eikz
(5.107)
with

nω
2π
=
(5.108)
λ
c
where n = index of refraction, omega = 2πf , f = frequency and
c = speed of light.
k=

Since the phase depends on the index of refraction, the effect of
passing through a calcite crystal is to change the relative phase
of the |oi and |ei components making up the superposition,
which is a real physical change that is measurable.
We assume that the photon entering the calcite crystal is in the
initial state
|ψin i = |ei he | ψin i + |oi ho | ψin i
(5.109)
The two components have different indices of refraction ne and
no , respectively.
If the beam passes through a length ` then the state upon
leaving is given by (remember the component phases change
differently)
|ψout i = eike ` |ei he | ψin i + eiko ` |oi ho | ψin i = Û` |ψin i

(5.110)

where
Ûz = eike z |ei he| + eiko z |oi ho|

(5.111)

is a time development operator of some sort since `= distance
traveled in a time t is proportional to t.
Now we define two new quantities which will be with us
throughout our study of Quantum Mechanics. For transitions
between two states (in and out in this case)
hφ | ψout i = hφ| Ûz |ψin i = the transition amplitude for a
photon to enter the calcite in state |ψin i and leave in state
|φi
| φ ψout |2 = | hφ| Ûz |ψin i |2 = the corresponding
transition probability
To proceed any further, we need to find out more about the
operator Ûz . Now

|ψz i = state of photon after traveling a distance z through calcite
= Ûz |ψin i

(5.112)

From the form of Ûz we have
Ûz+ = eike (z+) |ei he| + eiko (z+) |oi ho|
= (eike  |ei he| + eiko  |oi ho|)(eike z |ei he| + eiko z |oi ho|)
(5.113)
or
Ûz+ = Û Ûz

(5.114)

This implies that
|ψz+ i = Ûz+ |ψin i = Û Ûz |ψin i = Û |ψz i

(5.115)

Now let  → 0 such that ko   1 and ke   1 and we can then
write (to 1st -order)
Û = eike  |ei he| + eiko  |oi ho|
= (1 + ike ) |ei he| + (1 + iko ) |oi ho|
= Iˆ + iK̂

(5.116)

where
Iˆ = |ei he| + |oi ho| and K̂ = ke |ei he| + ko |oi ho|

(5.117)

Now, the relation
K̂ = ke |ei he| + ko |oi ho|

(5.118)

is an expansion of an operator in terms of its eigenvalues and
the corresponding projection operators (eigenvectors). It says
that the eigenvectors of K̂ are |ei and |oi with eigenvalues ke
and ko , respectively.

This illustrates the awesome power in these methods we have
developed!!
We then have
|ψz+ i = (Iˆ + iK̂) |ψz i

(5.119)

|ψz+ i − |ψz i = iK̂ |ψz i

(5.120)

or
or

|ψz+ i − |ψz i
= iK̂ |ψz i
(5.121)

which gives the differential equation for the time development of
the state vector
d
|ψz i = iK̂ |ψz i
(5.122)
dt
It is clearly similar to the differential equation we obtained
earlier(Chapter 4) from the time development operator.
lim

→0

If we follow the results from the earlier case, then we should
have
K̂ = Hermitian operator and Ûz = unitary operator
Let us derive these two results. We have, using the x − y basis
hx | ψz+ i − hx | ψz i = i hx| K̂ |ψz i
= i hx| K̂ Iˆ |ψz i = i hx| K̂ |xi hx | ψz i + i hx| K̂ |yi hy | ψz i
(5.123)
or the change in the x-component of ψz as we move an
infinitesimal amount  has one part proportional to the
x-component of ψz and a second part proportional to the
y-component of ψz .
Similarly, we have
hy | ψz+ i − hy | ψz i = i hy| K̂ |ψz i
= i hy| K̂ Iˆ |ψz i = i hy| K̂ |xi hx | ψz i + i hy| K̂ |yi hy | ψz i
(5.124)

Now, since no photons are lost as we pass through, we must have
hψz+ | ψz+ i = hψz | ψz i = 1

(5.125)

for all z. We then get
h
i
hψz+ | ψz+ i = hψz | ψz i + i hx| K̂ |xi − hx| K̂ |xi∗ | hx | ψz i2
h
i
+ i hy| K̂ |yi − hy| K̂ |yi∗ | hy | ψz i2
h
i
+ i hx| K̂ |yi − hx| K̂ |yi∗ hy | ψz i hx | ψz i∗
h
i
+ i hy| K̂ |xi − hy| K̂ |xi∗ hx | ψz i hy | ψz i∗
which says that we must have
hx| K̂ |xi = hx| K̂ |xi∗

,

hy| K̂ |yi = hy| K̂ |yi∗

hx| K̂ |yi = hx| K̂ |yi∗

,

hy| K̂ |xi = hy| K̂ |xi∗

or that K̂ is Hermitian.

Finally, one can show that Ûz† Ûz = Iˆ so that Ûz is unitary as
expected. From our earlier discussions, we then identify
Ûz = transformation operator and K̂ = generator of
transformation
5.2.7 Calculating the Transition Probability
We defined the transition probability as
T (z) = | hφ | ψz,out i |2 = | hφ| Ûz |ψz,in i |2

(5.126)

Using
Ûz = eike z |ei he| + eiko z |oi ho|
and
|ψin i = a |oi + b |ei where |a|2 + |b|2 = 1
we get

(5.127)

T (z) = | hφ| (eike z |ei he| + eiko z |oi ho|)(a |oi + b |ei)|2
= | hφ| (beike z |ei + aeiko z |oi |2
= |beike z hφ | ei + aeiko z hφ | oi |2

(5.128)

Now let us ask a specific question.
√
Suppose a = 1/ 2 = −ib, which means the that photon
entering the calcite crystal is an LCP photon.
What is the probability that it will exit as a RCP photon? This
means we choose
1
|φi = √ (|oi + i |ei)
(5.129)
2
or
i
1
hφ | ei = − √ and hφ | oi = √
(5.130)
2
2

We then get
T (z) = |beike z hφ | ei + aeiko z hφ | oi |2
i
1
1
1
i
= | √ eike z √ + √ eiko z √ |2 = |eiko z − −eike z |2
4
2
2
2
2
1
= (1 + 1 − ei(ko −ke )z − e−i(ko −ke )z )
4
1
= (1 − cos (ko − ke )z)
(5.131)
2
If we choose (ko − ke )z = π, then T = 1 and all the LCP
photons are turned into RCP photons by a calcite crystal of just
the right length.
This simple example clearly exhibits the power of these
techniques.

5.2.8 Some More Bayesian Thoughts
The essence of quantum theory is its ability to predict
probabilities for the outcomes of tests based on specified
preparations. Quantum mechanics is not a theory about reality;
it is a prescription for making the best possible predictions
about the future based on certain information (specified) about
the past. The quantum theorist can tell you what the odds are,
if you wish to bet on the occurrence of various events, such as
the clicking of this or that detector.
However, a more common activity is the reverse situation where
the outcomes of tests are known and it is their preparation(the
initial state) that has to be guessed. The formal name for this
process is retrodiction. Retrodicting is the analog of forecasting
an event, but directed oppositely in time, i.e., to the past rather
than the future. Just as one might forecast, from a knowledge of
physical laws along with specific data about the current position
and speed of a comet, where it will be ten years from now, one
might retrodict where it was ten years ago.

Suppose we have the experiment described in the figure below:

Figure: Experimental Setup

where S is a thermal source of light, P is a polarizer, H is
pinhole, C is a calcite crystal, and D is a detector with separate
counters for the two different polarized beams emerging from
the calcite crystal. The detector D also makes a permanent
record of the measured events. We assume that the light
intensity is so weak and the detectors are so fast that individual
photons can be registered.

The arrivals of photons are recorded by printing + or − on a
paper tape, according to whether the upper or lower detector
was triggered, respectively. The sequence of + and − marks
appears random. As the total number marks, N+ and N− ,
become large, we find that the corresponding probabilities(count
ratios), tend to limits
N+
→ cos2 α ,
N+ + N−

N−
→ sin2 α
N+ + N−

(5.132)

where α is the angle between the polarization axis of the
polaroid and the optic axis of the calcite crystal.
Now suppose that we do an experiment and find that the two
detectors recorded 4 and 3 events, respectively. What can we
infer about the orientation of the polarizer?
This is the so-called inverse probability problem, which as we
have seen from our earlier discussions is an ideal situation to use
Bayesian methods.

Consider the following description.
Event B is the outcome of the experiment described above with
4+ detections and 3− detections. This is a single experiment
and not a set of seven experiments.
Event A is the positioning of the polarizer at an angle in the
interval θ to θ + d θ, in that experiment.
Now, in a statistical ensemble, that is, an infinite set of
conceptual replicas of the same system, the relative frequencies
of events A and B define the probabilities P rob(A|I) = P rob(A)
and P rob(B|I) = P rob(B), where I is all the information about
the preparation(conditioning).
In addition, P rob(A ∩ B|I) is the joint probability of events A
and B. This is the relative frequency of the occurrence of both
events, in the statistical ensemble under consideration.
P rob(A|B ∩ I) is the conditional probability of A, when B is true.

As in Chapter 3, we have the relations
P rob(A∩B|I) = P rob(A|B∩I)P rob(B|I) = P rob(B|A∩I)P rob(A|I)
(5.133)
and
P rob(A|B ∩ I) =

P rob(B|A ∩ I)P rob(A|I)
P rob(B|I)

(5.134)

The last equation is Baye’s theorem.
In this equation it is assumed that P rob(B|A ∩ I) is known from
the appropriate physical theory. For example, in the above
experiment, the theory tells us that the probabilities for
triggering the upper and lower detectors are cos2 θ and sin2 θ .
We therefore, have from the Binomial distribution

P rob(B = {4, 3}|A ∩ I)
(n+ + n− )!
P rob(+|A ∩ I)n+ P rob(−|A ∩ I)n−
=
n+ !n− !
7!
(cos2 θ)4 (sin2 θ)3
=
4!3!
= 35 cos8 θ sin6 θ
(5.135)
In order to determine P rob(B|A ∩ I) we still need P rob(A|I)
and P rob(B|I). These probabilities cannot be calculated from a
theory nor determined empirically. The depend solely on the
statistical ensemble that we have mentally constructed.
Let us consider the complete set of events of type A and call
them A1 , A2 , . . ., etc. For example, Aj represents the positioning
of the polarizer at an angle between θj and θj + d θj . By
completeness,
X
P (Aj ) = 1
(5.136)
j

and therefore
P (B) =

X

P (B|Aj P (Aj )

(5.137)

j

At this point we introduce Baye’s postulate (different from
Baye’s theorem). This postulate which we have used in earlier
discussions is also called the principle of indifference or the
principle of insufficient reasoning.
If we have no reason to expect that the person who positioned
the polarizer had a preference for some particular orientation,
we assume that all orientations are equally likely, so that
P (A) =

dθ
π

(5.138)

for every θ (we can always take 0 ≤ θ ≤ π because θ and θ + π
are equivalent).

We then have
P (B) =

X
j

1
P (B|Aj P (Aj ) =
π

Z

π

35 cos8 θ sin6 θ dθ =

0

135
211
(5.139)

and we then obtain from Baye’s theorem that
P rob(A|B ∩ I) =
=

P rob(B|A ∩ I)P rob(A|I)
P rob(B|I)
7!
4!3!

cos8 θ sin6 θ dθ
π
135
211

=

211
cos8 θ sin6 θdθ
5π
(5.140)

which is the probability that the angle is between θ to θ + d θ
given that event B is the outcome of a single experiment with
4+ detections and 3− detections.

Suppose, dθ = 1 ◦ = 0.0175 rad. If we plot
P rob(θ|B = {4, 3}, dθ = 0.0175) =

211
cos8 θ sin6 θdθ = 2.283 cos8 θ sin6
5π
(5.141)

versus θ we have

Figure: Most Likely Angles

This says that, given the single data set, the angle is most likely
to be
0.72 rad = 41.3 ◦ or 2.42 rad = 138.7 ◦

(5.142)

Clearly, Bayesian analysis allows us to infer results from
one-time experiments on single systems. The key is the use of
Baye’s postulate of indifference.
5.3 The Strange World of Neutral K-Mesons
We can now use the same formalism we developed for photon
polarization to study elementary particles called K-mesons.
K-mesons are produced in high-energy accelerators via the
production process
π − + p+ → Λ0 + K 0
In this reaction, electric charge is conserved. This reaction takes
place via the so-called strong interactions.

Another physical quantity called strangeness is also conserved in
strong interactions. All K 0 -mesons have a strangeness equal to
+1.
For every particle there always exists an antiparticle. For the
K̄ 0 , the antiparticle is called the K̄ 0 . The K 0 -mesons have a
strangeness equal to −1. A reaction involving the K̄ 0 is
K̄ 0 + p+ → Λ0 + π +
which is an absorption process.
The K-mesons that exist in the experimental world(the
laboratory) are linear superpositions of K 0 and K̄ 0 states in the
same way that RCP and LCP photons were superpositions of
|xi and |yi polarization states. So the world of K-mesons can be
represented by a 2-dimensional vector space.
One basis for the vector space is the orthonormal set
{ K 0 , K̄ 0 } where

K 0 K 0 = 1 = K̄ 0 K̄ 0

and K 0 K̄ 0 = 0

(5.143)

Two linear operators are important for the study of K-mesons.
First, we represent the strangeness operator. We already stated
that the states K 0 and K̄ 0 have definite values of
strangeness, which means that they are eigenvectors of the
strangeness operator Ŝ with eigenvalues ±1 (by convention).
Using our formalism, this means that
Ŝ K 0 = K 0

Ŝ =

and Ŝ K̄ 0 = − K̄ 0

K 0 Ŝ K 0
K̄ 0 Ŝ K 0

= K0

K 0 − K̄ 0

in the { K 0 , K̄ 0 } basis.

K 0 Ŝ K̄ 0
K̄ 0 Ŝ K̄ 0
K̄ 0



(5.144)



1 0
=
0 −1
(5.145)

The second linear operator that is important in the K-meson
system is charge conjugation Ĉ. This operator changes particles
into antiparticles and vice versa. In the K-meson system using
the { K 0 , K̄ 0 } basis we define Ĉ by the particle-antiparticle
changing relations
Ĉ K 0 = K̄ 0

Ĉ =

K 0 Ĉ K 0
K̄ 0 Ĉ K 0

and Ĉ K̄ 0 = K 0

K 0 Ĉ K̄ 0
K̄ 0 Ĉ K̄ 0





0 1
=
1 0

(5.146)

(5.147)

We can find the eigenvectors and eigenvalues of the Ĉ operator
as follows
Ĉ |ψi = λ |ψi
Ĉ 2 |ψi = λĈ |ψi = λ2 |ψi = Iˆ |ψi = |ψi

(5.148)

ˆ This result says that λ2 = 1 or the
where we have used Ĉ 2 = I.
eigenvalues of Ĉ are ±1. If we use the { K 0 , K̄ 0 } basis and
assume that

|ψi = a K 0 + b K̄ 0

where |a|2 + |b|2 = 1

(5.149)

we find for λ = +1
Ĉ |ψi = aĈ K 0 + bĈ K̄ 0 = a K̄ 0 + b K 0
= |ψi = a K 0 + b K̄ 0

(5.150)

√
or a = b = 1/ 2. If we define the +1 eigenvector as |KS i, we
then have
1
|KS i = √ ( K 0 + K̄ 0 )
(5.151)
2
Similarly, if we define the −1 eigenvector as |KL i, we then have
1
|KL i = √ ( K 0 − K̄ 0 )
2

(5.152)

where
Ĉ K S = K S

and Ĉ K L = − K L

(5.153)

Since the commutator [Ŝ, Ĉ] 6= 0, these two operators do not
have a common set of eigenvectors. This means that both
operators cannot have definite values in the same state. In fact,
the concept of charge conjugation is meaningless for K-mesons
in the { K 0 , K̄ 0 } states and the concept of strangeness is
meaningless for K-mesons in the { K S , K L } states.
The { K S , K L } states form a second orthonormal basis for
the vector space (like the RCP and LCP polarization states).
The standard approach we will follow when studying physical
systems using quantum mechanics will be to
1. define the Hamiltonian for the system
2. find its eigenvalues and eigenvectors
3. investigate the time development operator generated by the
Hamiltonian and
4. calculate transition probabilities connected to experiments

Along the way we will define the properties of other operators
appropriate to the system under investigation (like Ŝ and Ĉ
above). It is the job of the theoretical physicist to derive or
guess an appropriate Hamiltonian.
Since we are in 2-dimensional vector space, all operators are
represented by 2 × 2 matrices. In the case of the K-meson
system, we will assume the most general form constructed from
all of the relevant operators. Therefore, we assume


M +B
A
ˆ
(5.154)
Ĥ = M I + AĈ + B Ŝ =
A
M −B
and investigate the consequences of this assumption. We will
assume that the matrix has been written down in the
{ K 0 , K̄ 0 } basis.

Step 1
Investigate the commutators:
[Ŝ, Ĉ] 6= 0
(5.155)
Since the Hamiltonian always commutes with itself and it is not
explicitly dependent on time, the physical observable connected
to the Hamiltonian, namely the energy, is conserved.
[Ĥ, Ĥ] = 0 ,

[Ĥ, Ŝ] 6= 0 ,

[Ĥ, Ĉ] 6= 0 ,

Since they do not commute with the assumed form of Ĥ,
neither Ŝ nor Ĉ is conserved in this model.
When a physical observable is conserved, we say its value
corresponds to a good quantum number that can be used to
characterize(label) the ket vector representing the physical
system.

Step 2
Investigate special cases (limits of the most general solution):
Case of A=0:

Ĥ = M Iˆ + B Ŝ =



M +B
0
0
M −B


(5.156)

Now
[Ĥ, Ŝ] = 0

(5.157)

which means that Ĥ and Ŝ share a common set of eigenvectors.
We already know the eigenvectors(non-degenerate) for Ŝ and so
the eigenvector/eigenvalue problem for Ĥ is already
solved(clearly this is a very powerful rule). We have
Ĥ K 0 = (M + B) K 0

and Ĥ K̄ 0 = (M + B) K̄ 0

(5.158)

We could have surmised this from the diagonal form of the
matrix representation, since the only way the matrix could be
diagonal is for the basis states of the representation to be the
eigenvectors.
Ĉ is not conserved in this case, since [Ĥ, Ĉ] 6= 0.
The energy eigenstates, { K 0 , K̄ 0 } in this case, are a basis
for the vector space. This is always true for a Hermitian
operator. This means that we can write any arbitrary vector as
a linear combination of these vectors
|ψi = a K 0 + b K̄ 0 = a |E = M + Bi + b |E = M − Bi
(5.159)
Now, as we derived earlier, energy eigenstates have a simple
time dependence. We have
Ĥ |Ei = E |Ei
Û (t) |Ei = e−iĤt/~ |Ei = e−iEt/~ |Ei

(5.160)

Therefore, in this case, the time dependence of the arbitrary
state vector is given by
|ψ(t)i = ae−i(M +B)t/~ K 0 + be−i(M −B)t/~ K̄ 0

(5.161)

This will be a general approach we will use, i.e., expand an
arbitrary state in energy eigenstates and use the simple time
dependence of the energy eigenstates to determine the more
complex time dependence of the arbitrary state. Of course, we
have to be able to solve the eigenvector/eigenvalue problem for
the Hamiltonian(the energy operator) of the system under
investigation.
Case of B = 0:

Ĥ = M Iˆ + AĈ =


M
A

A
M


(5.162)

Now
[Ĥ, Ĉ] = 0

(5.163)

which means that Ĥ and Ĉ share a common set of eigenvectors.
We already know the eigenvectors(non-degenerate) for Ĉ and so
the eigenvector/eigenvalue problem for Ĥ is again already
solved. We have
Ĥ |KS i = (M + A) |KS i and Ĥ |KL i = (M − A) |KL i (5.164)
Ŝ is not conserved in this case, since [Ĥ, Ĉ] 6= 0.
The energy eigenstates, {|KS i , |KL i} in this case, are a basis for
the vector space. In this basis


M +A
0
Ĥ =
(5.165)
0
M −A
as expected.

We could also solve this problem by finding the characteristic
equation for the Hamiltonian matrix, i.e., since we have
ˆ |ψi = 0
Ĥ |ψi = λ |ψi → (Ĥ − λI)

(5.166)

the characteristic equation is


M −λ
A
ˆ
det(Ĥ − λI) = det
A
M =λ
= (M − λ)2 − A2 = 0 → λ = M ± A

(5.167)

Since we have another basis, we can write any arbitrary vector
as a linear combination of these vectors
|psii = a |KS i + b |KL i = a |E = M + Ai + b |E = M − Ai
(5.168)
Therefore, in this case, we have the time dependence
|ψ(t)i = ae−i(M +A)t/~ |KS i + be−i(M −A)t/~ |KL i

(5.169)

Step 3
Solve the general Hamiltonian problem (if possible; otherwise we
must use approximation methods, which we will discuss later).
We have


M +B
A
ˆ
Ĥ = M I + AĈ + B Ŝ =
(5.170)
A
M −B
We assume that the eigenvectors satisfy Ĥ |φi = E |φi where
 
φ1
|φi =
(5.171)
φ2
This gives


M +B
A
A
M −B

 
 
φ1
φ1
=E
φ2
φ2

(5.172)

or



M +B−E
A
A
M −B−E

 
φ1
=0
φ2

(5.173)

This is a set of two homogeneous equations in two unknowns. It
has a nontrivial solution only if the determinant of the
coefficients is zero
M +B−A
A
= (M + B − E)(M − B − E) − A2 = 0
A
M −B−E
(5.174)
This has solution
p
E± = M ± A2 + B 2 (the energy eigenvalues)
(5.175)
We solve for the eigenstates by substituting the eigenvalues into
the eigenvalue/eigenvector equation





M +B
A
φ1±
φ1±
= E±
(5.176)
A
M −B
φ2±
φ2±

After some algebra we get
φ1±
−A
B±
=√
=
2
2
φ2±
B±A +B

√

A2 + B 2
A

(5.177)

We check the validity of this solution by comparing it the
limiting cases; that is why we looked at the special cases earlier.
For B = 0, we have
φ1±
−A
=
= ±1 → φ1+ = φ2+ and φ1− = −φ2−
φ2±
∓A

(5.178)

which says that
 
 
1
1
1
= |KS i and |φ+ i = √
= |KL i
1
2 −1
(5.179)
which agrees with the earlier results for this case.
1
|φ+ i = √
2

In the other limiting case, A = 0, we have
φ1+
= ∞ → φ1+ = 1 and φ2+ = 0
φ2+
φ1−
= 0 → φ1− = 0 and φ2− = 1
φ2−
which says that
 
1
|φ+ i =
= K0
0

 
0
and |φ+ i =
= K̄ 0
1

(5.180)

(5.181)

which again agrees with the earlier results for this case. If we
normalize the general solution
√
φ1±
−A
B ± A2 + B 2
=√
=
(5.182)
φ2±
A
B ± A2 + B 2
using
|φ1± |2 + |φ2± |2 = 1

(5.183)

we obtain
φ1±

√
A
B ∓ A2 + B 2
=r


2 , φ2± = r
2
√
√
2
2
2
A + B∓ A +B
A2 + B ∓ A2 + B 2
(5.184)

and


1

|φ± i = r

√A
−B ± A2 + B 2




2
√
A2 + B ∓ A2 + B 2
h


i
p
1
0
0
2 + B2
=r
A
K
+
−B
±
A
K̄
2

√
A2 + B ∓ A2 + B 2
1

= r
2

A2



√

A2

B2

2 ×

+ B∓
+
h



i
p
p
2
2
2
2
A − B ± A + B |KS i + A + B ± A + B |KL i
(5.185)

Step 4
Look at a realistic physical system that we can relate to
experiment.
In the real world of K-mesons, the Hamiltonian is such that
B  A. In this case the states {|KS i , |KL i} are almost energy
eigenstates or charge conjugation is almost conserved. We
expect that instead of being able to write
|φ+ i = |KS i and φ− = |KL i

(5.186)

which would be true if B = 0, we should be able to write
θ
θ
|KS i + sin |KL i
2
2
θ
θ
|φ− i = − sin |KS i + cos |KL i
2
2

|φ+ i = cos

(5.187)

where for θ  1 we clearly approximate the B = 0 result. Let us
see how this works. For B  A, we choose

θ
B
=
1
2
2A

(5.188)

sin 2θ
θ
θ
B
≈ tan =
=
2
2
2A
cos 2θ

(5.189)

and get

To lowest order we can then say
sin

θ
B
θ
=
= δ  1 and cos = 1
2
2A
2

(5.190)

to get
|φ+ i = |KS i + δ |KL i
|φ− i = |KL i − δ |KS i
This says that if |ψin i = |φ− i, then the number

(5.191)

probability of observing a KS
| hKS | φ− i |2
=
2
| hKL | φ− i |
probability of observing a KL
(Number of KS )/(Number of KS and KL )
=
(Number of KL )/(Number of KS and KL )
(Number of KS )
=
(5.192)
(Number of KL )
gives the experimental ratio of the number of times we will
measure a final state of |KS i to the number of times we will
measure the final state of |KL i. The signature for seeing a final
state of |KL i is to see a decay to 3 π-mesons and that of a final
state of |KS i is to see a decay to 2 π-mesons. The number is
| hKS | φ− i |2
= |δ|2
| hKL | φ− i |2

(5.193)

Now experiment gives the result |δ| = 2 × 10−3 . This number is
a measure of how large of an effect strangeness non-conservation
has on this system.
If B = 0, then charge conjugation is conserved. If B 6= 0, then
charge conjugation is not absolutely conserved. So δ is a
measure of the lack of charge conjugation conservation in the
K-meson system. If we identify the energy eigenvalues as the
particle rest energies
M + A = mS c2

,

M − A = mL c2

(5.194)

we then have
A=

mS c2 − mL c2
= 10−5 eV
2

(5.195)

2Aδ = 10−17 mK c2

(5.196)

B
= 10−17
mK c2

(5.197)

and
or

Thus, this is a one part in 10−17 effect! It is one of the best
measurements ever made. It won the Nobel prize for the
experimenters in 1963. It is now understood in detail by the
standard model of elementary particles.
Now let us look at Quantum Interference Effects in this
K-meson system. Suppose that B = 0. Then the energy
eigenstates are {|KS i , |KL i} with eigenvalues M ± A. Now let
1
|ψin i = K 0 = √ (|KS i + |KL i)
2

(5.198)

This is not an energy eigenstate so it will evolve in time. Its
time evolution is given by
|ψ(t)i = e−iĤt/~ |ψin i = e−iĤt/~ K 0
1
= √ (e−iĤt/~ |KS i + e−iĤt/~ |KL i)
2
1 −i(M +A)t/~
= √ (e
|KS i + e−i(M −A)t/~ |KL i)
2

(5.199)

The probability amplitude that the initial meson
changes(oscillates) into the orthogonal state K̄ 0 at time t is
given by
1
K̄ 0 ψ(t) = √ (e−i(M +A)t/~ K̄ 0 KS + e−i(M −A)t/~ K̄ 0 KL )
2
1 −i(M +A)t/~
− e−i(M −A)t/~ )
(5.200)
= (e
2
Finally, the probability that the incoming K 0 -meson will behave
like a K̄ 0 -meson at time t (that it has oscillated into a K̄ 0 ) is
given by
1
PK̄ 0 (t) = | K̄ 0 ψ(t) |2 = [1 − cos Ωt]
2

(5.201)

where
Ω=

1
2A
mS c2 − mL c2
((M + A) − (M − A)) =
=
~
~
~

(5.202)

What is the physics here? If mS − mL = 0, then Ω = 0 and
PK̄ 0 (t) = 0 or the two mesons do not change into one
another(called oscillation) as time passes.
However, if If mS − mL 6= 0, then PK̄ 0 (t) 6= 0 and the two
mesons oscillate back and forth, sometimes being a K 0 and
sometimes being a K̄ 0 . This has been observed in the
laboratory and is, in fact, the way that the extremely small
mass difference is actually measured.
This is also the same mechanism that operates for oscillations
between the different flavors of neutrinos. Experiment now
indicates that neutrino oscillation is taking place and the
explanation is that the neutrinos have different masses, some
non-zero!
5.4 Stern-Gerlach Experiments and Measurement
From early in our exploration of quantum mechanics,
measurement played a central role.

A basic axiom of quantum theory is the the von Neumann
projection postulate:
If an observable Â is measured, the result is one of
its eigenvalues, a. After the measurement, the system
is projected into the eigenvector |ai. If |ψi is the
state before the measurement, the probability of this
occurence is | ha | ψi |2 .
Let us now explore the physical consequences of these
measurements. The most fundamental example is the
measurement of the angular momentum component of a
spin-1/2 particle which takes on only two possible values. We
will discuss the full theory of spin later. The measurement was
first carried out by Stern and Gerlach in 1922 to test Bohr’s
ideas about "space quantization". This was before Uhlenbeck
and Goudsmidt’s invention of spin angular momentum, so Stern
and Gerlach’s results were not completely understood.
Nonetheless, the results were startling and one of the first real
pictures of the strange quantum world.

Consider the force on a magnetic moment which moves through
a spatially inhomogeneous magnetic field. The potential energy
is
~ r)
V =µ
~ · B(~
(5.203)
and thus the force is
~ r)) = (~
~ r)
F~ = −∇V = ∇(~
µ · B(~
µ · ∇)B(~

(5.204)

Stern and Gerlach set up a spatially inhomogeneous field with
one very large component(call it the z-component). A schematic
diagram of a Stern-Gerlach apparatus is shown in the figure
below.

We then have
n̂ = ẑ

~ ∝ B(z)ẑ + small x,y components
, B
~ r) ∝ µz ∂B ẑ
(5.205)
⇒ (~
µ · ∇)B(~
∂z

Now quantum mechanically, µ
~ = γJ J~ which gives


∂B
~
Jz Ẑ
F = γJ
∂z

(5.206)

Stern and Gerlach sent Na (sodium) atoms from an oven,
collimated into a beam, into the region of ingomogeneous field.
Na is an alkali atom with one valence electron with orbital
angular momentum ` = 0 (an s-state). Thus, all of the angular
momentum of the atom is due to the spin angular momentum of
the single valence electron (spin 1/2). Thus
µ
~ =−

2µB ~
∂B
S = −µB ~σ ⇒ F~ = −µB
σz ẑ
~
∂z

(5.207)

Clearly, the spin-up atoms |↑x i will experience a different
interaction than spin-down atoms |↓x i (due to two different
eigenvalues of σz ), thereby splitting the beam into two spatially
separated beams as shown in Figure 5.4 above. We note that the
spins which emerge from the oven have a random orientation.
In general, a Stern-Gerlach apparatus takes an incoming beam
of particles with angular momentum and splits the beam into a
number of spots on a screen. The number of spots is equal to
2J + 1, where J = angular momentum value of the incoming
beam.
We shall see in later chapters that 2J + 1 = the number of
values allowed quantum mechanically for the measurable
quantity J̃ · n̂ where n̂ is unit vector in the direction of the
magnetic field inside the apparatus.
In the diagram, spot #2 (undeflected beam) is where the beam
would have hit the screen if no magnetic field were present in
the apparatus.

Spots #1 and #3 are an example the 2J + 1 = 2 spots we would
observe in an experiment when J = 1/2 (the original
Stern-Gerlach experiment).
The important features of the apparatus for our theoretical
discussion are: 1. The breakup into a finite number of discrete
beams (we will assume we are working with J = 1/2 particles
and thus have 2 beams exiting the apparatus)
2. The beams are separated in 3-dimensional space and each
contains 1/2 of the original particles entering the device
3. The possible values of B̃ · n̂ for J = 1/2 are ±~/2 for any n̂.
4. One exiting beam contains only particles with J̃ · n̂ = +~/2
and the other beam contains only particles with J̃ · n̂ = −~/2
We will represent the beam state vectors by the ket vectors

|+n̂i = beam with J̃ · n̂ = +~/2
|−n̂i = beam with J̃ · n̂ = −~/2

(5.208)

and the Stern-Gerlach apparatus with a field in the n̂-direction
by SGn̂.
5. The above results occur for all beams no matter what the
direction of the unit vector n̂
The S-G experiment has all the essential ingredients of a
quantum measurement. The quantum degree of freedom, here
spin-1/2, is correlated with the final beam direction of the
atoms. Once the two spots on the screen are resolvable, we can
measure the spin state of the atom by determining which
spatially separated beam the atom is in.
We now report the results of a series of actual experiments.

Experiment #1
We send N particles into an SGẑ device and select out the beam
where the particles are in the state |+ẑi (we block the other
beam). It contains N/2 particles.
We then send this second beam into another SGẑ device. We
find that all N/2 exit in the state |+ẑi. There is only one exit
beam. Symbolically, this looks like the figure below:

Figure: Experiment #1

This says that when we make a measurement, say J̃ · ẑ and then
immediately make another measurement of the same quantity,
we get the same result as first measurement with probability
= 1. Since the only way to a measurement result with certainty
is to be in an eigenstate of the observable, the measurement
seems to have caused the system to change from a superposition
of eigenstates into two beams(separated in physical space) each
with a definite state of the observable J̃ · ẑ (one of its
eigenstates).
This experiment is called state preparation. We prepare a state
by measuring an observable and finding one of the eigenvalues.
Afterwards, by the von Neumann projection postulate, the state
is the corresponding eigenvector. In the above experiment, by
redirecting the spin-up beam into the second SG apparatus we
are guaranteed to find the eigenstate prepared by the first SG
apparatus (with the block). Thus a screen would have only one
spot after the second apparatus.

Experiment 2
We send N particles into an SGẑ device and select out the beam
where the particles are in the state |+ẑi. It contains N/2
particles. We then send the selected beam into an SGx̂ device
We find that N/4 exit in the state |+x̂i and N/4 exit in the
state |−x̂i. At the end, there are two exit beams. Symbolically,
this looks like the figure below:

Figure: Experiment #2

The same thing happens if we stop the |+ẑi beam and let the
|−ẑi beam into the SGx̂ device. So an SGx̂ device takes a beam
with a definite value of J̃ · ẑ and randomizes it, i.e., we once
again have two exiting beams with equal numbers of particles.
This is saying that for a system in an eigenstate of one
observable, the measurement of an incompatible observable
(observables do not commute) randomizes the value of the
original observable. In this case [Jˆz , Jˆx ] 6= 0].
As we will show in Chapter 7, the |+ẑi state is not an
eigenstate of Jˆx . In fact,
1
|+ẑi = √ (|+x̂i + |−x̂i)
2
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i.e., a 50-50 superposition of spin-up and spin-down in the
x-direction. Thus, we see two beams after the SGx̂ apparatus.
So even though a pure state is entering the SGx̂ apparatus, we
do not get a definite value because [Jˆz , Jˆx ] 6= 0].

Experiment 3
We now add a third SG device to Experiment 2. It is an |+ẑi
device. We also block the |+x̂i exiting beam as shown
symbolically in the figure below.

Figure: Experiment #3

We found above that N/4 exited in the state |+x̂i from the SGx̂
device. After the third device we find that N/8 exit in the state
|+ẑi and N/8 exit in the state |−ẑi.
What has happened?

It seems that making a measurement of J̃ · x̂ on a beam with
definite J̃ · ẑ modifies the system rather dramatically.
We did two successive measurements on these particles. Since
we isolated the + beam in each case we might be led to think
that the beam entering the last SGẑ device (because of our
selections) has
J̃ · ẑ = +

~
~
AND J̃ · x̂ = +
2
2
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But the experiment says this cannot be so, since 50% of the
particles exiting the last device have
J̃ · ẑ = −

~
2

(5.211)

We are forced to say that the SGẑ device takes a definite value
of J̃ · x̂ and randomizes it so that we end up with two exiting
beams with equal numbers of particles.

Why? Again, since [Jˆz , Jˆx ] 6= 0] the two observables cannot
share a common set of eigenvectors or they are incompatible.
Since an observable can only have a definite value when the
state is one of its eigenvectors, it is not possible for both J̃ · ẑ
and J̃ · x̂ to simultaneously have definite values.
Our two successive measurements DO NOT produce definite
values for both observables. Each measurement only produces a
definite value for the observable it is measuring and randomizes
the incompatible observable (actually randomizes all other
incompatible observables)!
All measurement results depend on the context of the
measurement.
Another way to think about this is to say the following. An
SGn̂ device is a measurement of the angular momentum in the
ẑ-direction. Any such measurement of an observable randomizes
the next measurement of any other incompatible observable.

In this cascaded measurement, the probability of finding |↓i is
the product of conditional probabilities for uncorrelated events
P (↓z | ↑x , ↑z ) = P (↓z | ↑x )P (↓z | ↑z )
= | h↓z | ↑x i |2 | h↑x | ↑z i |2 =

1
11
=
22
4

as is observed.
Now without the intermediate apparatus, classical theory would
argue as follows. If we don’t measure Jx we must sum the
probabilities of all possible alternatives or
P (↓z | ↑z ) = P (↓z | ↑x )P (↑x | ↑z ) + P (↓z | ↓x )P (↓x | ↑z )
11 11 1
=
+
+
22 22 2
which differs from the experimental result(= 0)

As we have discussed, quantum mechanically, if the different
possibilities are indistinguishable (i.e., there is no information
available to distinguish the different alternatives) we must add
the probability amplitudes (before squaring) so that these
different alternatives can interfere.
P (↓z | ↑z ) = | h↓z | ↑z i |2 = | h↓z | Iˆ |↑z i |2
= | h↓z | (|↑x i h↑x | + |↓x i h↓x |) |↑z i |2
= P (↓z | ↑x )P (↑x | ↑z ) + P (↓z | ↓x )P (↓x | ↑z )
{z
}
|
classical terms

+ interference terms
1 1
= − =0
2 2
So, the quantum amplitude interference calculation gives the
correct result.

What constitutes a measurement?
If we send atoms with spin-up in the z-direction into an
x-oriented SG apparatus, there is a 50 − 50 probability of
emerging as spin-up or spin-down in the x-direction.
But if we do not detect which port the atom exits from, did we
measure the spin in the x-direction?
In a sense, no. A measurement is something that removes
coherence, i.e., the ability for quantum processes to interfere.
In principle, we can recombine these beams as if no
measurement had occurred, i.e., we can still have interference we do not remove coherence unless we look. Again the context
of the experiment is the significant feature!

Experiment 4
Now, let us construct a new device to illustrate this point. It is
called a modified SGx̂ device. It looks like the figure below.

Figure: Experiment #4

Any beam of particles entering this modified device would
experience deflections while traveling though it. However, the
device lengths and field strengths have been cleverly chosen so
that the net effect for any beam is no change!

The internal beams are all recombined so that the state of the
beam upon exiting the entire device is identical to the state of
the beam before entering the device. This device might be
called a total-of-nothing device.
It turns out, however, that we can use this device to make a
measurement and select a particular spin state. We can
calculate the paths that would be followed in the device by the
|+x̂i and |−x̂i (these are the relevant beams to consider
because these are SGx̂ devices). Using this information, we can
block the path that a particle in the state |−x̂i would follow.
Then, all the particles exiting the modified SGx̂ device would be
in the state |+x̂i.

Experiment 5
We can confirm this fact by inserting a modified SGx̂ device
into Experiment 3 where we replace the SGx̂ device by the
modified SGx̂ device. If we block the |−x̂i beam, the state at
the end of the modified SGx̂ device is the same as it was after
the original SGx̂ device and we get exactly the same results. In
fact, we get the same result whether we block the |−x̂i beam or
the |+x̂i beam, as should be the case.
Now we set up Experiment 5. It is shown in the figure below.

Figure: Experiment #5

In this experiment a beam enters the SGẑ device and we block
the exiting |−ẑi beam. The |+ẑi beam is sent into the modified
SGx̂ device and the exit beam is sent into the final SGẑ device.
In this case, however, we DO NOT block any of the paths in the
modified SGx̂ device. Since the beam entering the modified
SGx̂ device is reconstructed before it exits (we already saw that
it does this in the Experiment 4), we are NOT making a
measurement of J̃ · x̂ using the modified SGx̂ device as we did
when we used the original SGx̂ device.
Now we send in N particles and N/2 are in the |+ẑi beam as
before. However, now, instead of find N/8 particles in the final
|+ẑi beam, we find N/2 particles. ALL the particles make it
through unchanged, even though there are SGx̂ devices in
between. It behaves as if the modified SGx̂ device was not there
at all(hence its name).

We might have assumed that 50% of the particles in the |+ẑi
beam before the modified SGx̂ device would emerge in the |+x̂i
state and the other 50% would emerge in the |−x̂i state.
Experiment 5 says this cannot be true, since if it were true, then
we would have two beams coming out of the final SGẑ device,
each with 50% of the particles. Our results are incompatible with
the statement that the particles passing through the modified
SGx̂ device are either in the state |+x̂i or in the state |−x̂i.
In fact, if we carry out this experiment with a very low intensity
beam where only one particle at a time is passing through the
apparatus, then we observe that each particle emerging from the
final SGẑ device is in the state |+ẑi. This eliminates any
explanation of the result that would invoke interactions among
the particles while they were in the apparatus.
For beams of particles, we have been talking in terms of
percentages or fractions of the particles as experimental results.

For a single particle, however, it is not possible to predict with
certainty the outcome of a measurement in advance. We have
seen this earlier in our experiments with photons and polaroids.
We are only able to use probability arguments in this case.
In Experiment 2, for instance, before a measurement (passing
through the SGx̂ device) of J̃ · x̂ on a single particle in the |+ẑi
state, all we can say is that there is a 50% probability of
obtaining |+x̂i and a 50% probability of obtaining |−x̂i.
Probabilities alone are not enough, however, to explain
Experiment 5. We came to the incorrect conclusion because we
made the same mistake as in our earlier discussion of
polarization. We added the separate probabilities of the
indistinguishable ways to get the total probability, whereas the
correct result, as we know, is to add the amplitudes of the
indistinguishable ways and then square the total amplitude to
get the correct result. We eliminated the interference effects!
When we don’t actually make a measurement as in the modified
SGx̂ device, we must add amplitudes and not probabilities.

We can now introduce a formalism, which should allow us to
explain all experiments correctly. We need a 2-dimensional
vector space to describe these physical systems. As a basis for
this space we can use any of the sets {|+n̂i , |−n̂i}
corresponding to the definite values ±~/2 for J̃ · n̂. Each of
these is an orthonormal basis where
h+n̂ | +n̂i = 1 = h−n̂ | −n̂i and h+n̂ | −n̂i = 0

(5.212)

Any arbitrary state can be written as a superposition of the
basis states
|ψi = h+n̂ | ψi |+n̂i + h−n̂ | ψi |−n̂i

(5.213)

and the operators can be written as
J̃ · n̂ =

~
~
|+n̂i h+n̂| − |−n̂i h−n̂|
2
2

(5.214)

Finally, expectation values are given by
~
~
hJˆz i = hψ| Jˆz |ψi = | h+ẑ | ψi |2 − | h−ẑ | ψi |2
2
2

(5.215)

Analysis of Experiment 3
In Experiment 3, the state before entering the first SGẑ device is
|ψ1 i = a |+ẑi + b |−ẑi where |a|2 + |b|2 = 1

(5.216)

Since the SGẑ device is a measurement of Jˆz , after the SGẑ
device the state is |+ẑi (remember the we blocked the |−ẑi
path).
It is very important to realize that we cannot answer a question
about a measurement unless we express the state in the basis
consisting of the eigenvectors of the operator representing the
observable being measured. We call this the home space of the
observable.

That is why we used the Jˆz eigenvectors to discuss the
measurement made using the SGẑ device.
Now, we are going to make a measurement of Jˆx in the SGx̂
device. So we now switch to a basis consisting of the Jˆx
eigenvectors. We know we can write
|+x̂i = h+ẑ | +x̂i |+ẑi + h−ẑ | +x̂i |−ẑi

(5.217)

One of our experiments tells us that when we send a particle in
a |+x̂i state through an SGẑ device, the probability = 1/2 that
we find |+ẑi and 1/2 that we find |−ẑi. This means that
1
2
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e1α+
e1α+
h+ẑ | +x̂i = √ and h−ẑ | +x̂i = √
2
2

(5.219)

| h+ẑ | +x̂i |2 = | h−ẑ | +x̂i |2 =
or

so that

e1α+
e1α+
|+x̂i = √ |+ẑi + √ |−ẑi
2
2

(5.220)

e1β+
e1β+
|−x̂i = √ |+ẑi − √ |−ẑi
2
2

(5.221)

Similarly,

Experiment 6
In this experiment we replace the last SGẑ device in Experiment
3 with an SGŷ device. The last part of the setup is shown in the
figure below.

Figure: Experiment #6

The incoming beam is from the first SGẑ device, where we
blocked the |−ẑi path, and therefore, we have N particles in the
state |+ẑi. They now go through the SGx̂ device, where we
block the |−x̂i path, as shown. The beam entering the SGŷ
device has N/2 particles in the |+x̂i state.

Whether we call the last direction the z-direction or the
y-direction cannot affect the results of the experiment, so we get
the same result for this experiment as we did for Experiment 3,
except that we use the y-label instead of the z-label. If the SGx̂
device were replaced by an SGẑ device we would get the same
result also, since whether we call the direction the z-direction or
the x-direction cannot affect the results of the experiment.
Putting this all together we can say that
|+ŷi = h+ẑ | +ŷi |+ẑi + h−ẑ | +ŷi |−ẑi

(5.222)

1
2
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with
| h+ẑ | +ŷi |2 = | h−ẑ | +ŷi |2 =

and
|+ŷi = h+x̂ | +ŷi |+x̂i + h−x̂ | +ŷi |−x̂i
with

(5.224)

1
(5.225)
2
The conventional choice for the phases factors is such that we
have
1
1
|+x̂i = √ |+ẑi + √ |−ẑi
(5.226)
2
2
1
i
|+ŷi = √ |+ẑi + √ |−ẑi
(5.227)
2
2
| h+x̂ | +ŷi |2 = | h−x̂ | +ŷi |2 =

We will derive all of these results more rigorously later.

