Non-Linear Mechanics : Approach to Chaos
Introduction
Two major reasons for studying non-linear mechanics.
First and most basic is that equations of motion
of almost all real systems are non-linear.
Second reason is that even a relatively simple system
which obeys non-linear equation of motion
can exhibit unusual and surprisingly complex behavior
for certain ranges of system parameters.
In a wide variety of dramatically different non-linear systems
it turns out that identical features show up.
Much of existing knowledge of non-linear behavior
has been obtained from numerical solutions.
Traditional methods of mechanics,
which lead to analytic (explicit equations) expressions for motion,
fail for most problems in non-linear mechanics.

Numerical integration of equations of motion is usually necessary.
From time of Newton until 20th century, physicists and philosophers
viewed universe as sort of enormous clock which,
once wound up, behaves in predictable manner.
This idea was dramatically shaken
by discovery of quantum mechanics and Heisenberg uncertainty principle,
but physicists still thought that motion of classical systems (macroscopic systems)
that obey Newton’s equations of motion
would still exhibit predictable or deterministic behavior.
Turns out, however, that even macroscopic systems obeying Newton’s equations
can exhibit so-called chaotic motion or motion
that seems very difficult to predict (or is even actually unpredictable).
Main difference between chaotic system and non-chaotic system
is degree of predictability of motion given initial conditions to some level of accuracy
(note new idea being introduced that might not be able to specify initial conditions exactly).
In addition, we will find an extraordinary sensitivity to initial conditions.

Look at system considered earlier, namely, linear, damped oscillator with sinusoidal driving force.
This system satisfies (as found earlier) the differential equation

linear approximation

As and example, let us choose a = 0.9, b = 1.0, c = 0.5, ω = 0.66666.
If this system is started off with different initial conditions (values of x, dx/dt at t = 0) we observe the
following behavior:
after a time long enough for the transient motion to die out, the
different oscillatory systems will end up with the same motion
Thus, the final motion is independent of the initial conditions
In the Octave simulations, we plot the motion

final paths identical

of two oscillators with different initial conditions
on same diagram (in phase space —-> plot velocity
(y-axis) versus position(x-axis) and
different initial conditions correspond to different
starting points in phase space) with
each oscillator path represented by a different color.
Final steady-state motion in both cases is clearly an elliptical path in phase space.

more dramatic

Analytically, final steady-state motion is given by

in agreement with simulated motion.
The simulation illustrates the independence of initial conditions rather dramatically in linear case.
Later we shall investigate this system when the linear approximation is not valid, that is, the correct
differential equation is

and linear equation is only valid when
we can make the approximation

If we simulate with the non-linear version of the equation,
then the system exhibits a dramatic sensitivity to initial conditions,
i.e., the solution for different (even slightly different) initial conditions
bear no resemblance to each other as shown (different parameters - discuss later)

or even better……

eventually no relationship between motions

One of best know examples of poor predictability is the weather.
At one time was believed that with large number of atmospheric measurements
and powerful computers to integrate fluid mechanics equations
it would be possible to make long term weather predictions.
Now realized was naive hope and that weather equations
are extremely non-linear and solutions of weather equations
are exponentially sensitive to initial conditions;
This means that an infinitesimal difference in initial conditions
will eventually produce completely different solution to equations,
that is, no two solutions will have any relation to each other!!!!

Take Spring Class!
A simple weather model is given by the three-dimensional Lorenz equations
which generate solutions that fall on a curve in three dimensions
called a strange attractor (looks like butterfly wings) (more later).

This led to the famous butterfly effect prediction where one could imagine
that the perturbation in the weather system due to a
butterfly flapping its wings in Africa would grow exponentially
into a great weather front in North America.
This is illustrated dramatically by the simulation of the Lorenz equations (lorentz0.m) (below)
and video from (lorentz4n.m)(in class).
Again we observe extreme sensitivity to initial conditions.
strange attractor ( —> butterfly wings)

sensitivity to initial conditions

Even though motion of complex system cannot be precisely predicted
certain features can often still be relied upon.
For example, exact path of given molecule of water that come out of faucet is certainly not predictable.
We can say, however, with high probability that molecule
will fall vertically downward within a well-defined cylindrical surface.
It is real challenge to deduce such “robust” features of solutions of nonlinear equations.
In the Spring 2021 Class, I will present weather system models
and show the importance of
chaos, sensitivity to initial conditions, attractors, and so on.
Toward an Understanding of Chaos
In general, non-linear differential equations are difficult to solve either analytically or numerically
Before investigating in detail the properties of the non-linear damped, driven oscillator,
we will look at a simple system that can be easily solved numerically
but still exhibits all the important properties of a chaotic system.
There exists a class of elementary model systems that can give insight into the mechanisms leading to
chaotic behavior.

These are stated in the form of difference equations, rather than differential equations.
A typical difference equation is of the form

where xn refers to the nth value of x, which is always a real number on unit interval [0,1], and μ is a
parameter.
The way to think of this system is the following.
Think of nT as a time, where T is a basic time interval.
Starting from some initial value of x,

x0 , we can generate a sequence of x values,

Function f called a map of interval [0,1] onto itself, since it generates xn+1 from xn.
The function f can be nonlinear in its argument xn.
Difference equations are readily solved by iteration,
and their numerical solution is much less time consuming
than is the case for nonlinear differential equations.

x1, x2,..........

Example — The Quadratic or Logistic Map
The map is
If 0 ≤ λ ≤ 4, then 0 ≤ xn ≤1 implies that 0 ≤ xn+1 ≤1, so that we can always assume that xn is in the
interval [0,1], i.e., the interval [0,1] maps onto itself.
A fixed point of a mapping is a point that maps into itself.
If there are points which, after more and more iterations of mapping approach closer and closer to a fixed
point, then that fixed point is called an attractor.
If λ < 1, then we can see from map equation that xn+1 < xn for all xn.
This implies that ultimate result of repeated iterations is inevitably

x = 0.

Thus, when λ < 1 mapping has one fixed point, which is an attractor.
Fixed points are found for any λ by using fixed point condition xn+1 = xn = xin the equation, i.e.,
which has solutions

Geometrically, a fixed point is the intersection of quadratic map function with line xn+1 = xn.
Two examples are shown in the figures:

line xn+1 = xn

quadratic map function
line xn+1 = xn

quadratic map function

This case corresponds to λ = 0.8 and
fixed point is x = 0 (circle).

This case corresponds to λ = 2.8 and fixed
point is x = 0.643 (circle).

As stated earlier, the fixed point will
always be x = 0 when λ ≤ 1.

Since λ > 1 in this case, fixed point satisfies

The next question is whether the fixed points of mapping function are stable, that is, are they attractors.
To settle this question, start with point near fixed point
and see if result of repeated mapping converges to fixed point.
We write xn as
where

x̄

is a fixed point and δn is (at least initially) small in magnitude.

Substituting into the map equation and retaining only terms linear in δn (since δn is small),
we find that

where we have used the definition of the fixed point x̄ = x̄(1
the small λ(δn)2 term.

If ∣δn+1∣ < ∣δn∣, then with repeated mappings the point

moves closer and closer to x̄

with increasing n and so

this fixed point is called stable or attracting.
On the other hand, if ∣δn+1∣ > ∣δn∣, then the point moves
away from x̄

x̄) and dropped

and the fixed point

is called unstable or repelling.

For the logistic map, setting xn+1 = λ xn (1 − xn) = F(xn), we have

so that the criterion for stability becomes

stability criterion

We note that this result is general for all maps of the form xn+1 = F(xn)
✓
◆
dF
Also note that
is the slope of the mapping function
dx x=x̄
in the neighborhood of the fixed point.
A simple but informative geometrical construction of iteration process
near fixed point is shown in figures below (after derivation)
for two stable fixed point cases previously discussed.

In construction: plot two curves, magenta curve is f(x) = x and green curve is g(x) = λx(1 − x).
The fixed point is intersection where f(x) = g(x).

The axes are xn+1 versus xn.

The iteration starts from a point(near the fixed point) on the horizontal axis and proceeds as follows.

The plot is called a return map.

This figure above shows the stable
fixed point ( x̄ = 0.643 ) for λ = 2.8.

This figure above shows the stable
fixed point ( x̄ = 0 ) for λ = 0.8.

result is independent of starting point

According to stability criterion equation the fixed point x̄ = 0
is stable (it is an attractor) when 0 < λ < 1,
while the fixed point
x̄ = 1

1

is stable for 1<λ<3.
Now that we have established the stability of the fixed points when 0 < λ < 3,
we venture into the region 3 < λ < 4
According to stability criterion equation calculation —>
no stable fixed points (simple attractors) for λ > 3.
We then look for points with higher periodicity points
which return to their original value after some number of mappings( not 1).
For instance, period-2 points satisfy xn+2 = xn.
They are fixed points of the twice iterated mapping

double map function

Before seeing how to make a plot which uses this equation to find periodic points,
we show the return map plot for λ = 3.3, which should be an unstable fixed point.

Clearly, do not have a period-1 fixed point. Just keeps bouncing around …….
We might have some periodic points
indicated by the plot repeating the same path (large dark red rectangle)
but it is hard to determine what is happening from this plot.

Now using the double map function, we plot, the double map function,
the single map function (the original map function) and the line xn+1 = xn.

For λ = 2.8 all three curves should
intersect in the same point (fixed point at
0.643) since already found period-1 fixed
point in this case. This is shown above.

Now looking in the region λ > 3, for λ = 3.2
get plot above
There are three fixed points in this case.

The middle one is the unstable fixed point of the period-1 or single mapping at x = 1−(3.2)-1 = 0.6875
The two remaining fixed points of the double mapping are stable in the range

3 < λ < 3.449...

Note that these two points are a single pair of period-2 points; calling them xA and xB,
the mapping takes one into the other: xB = F(xA) and xA = F(xB) as we can see in the return map.

Time
Series

This transition, as value of λ is raised past critical value (3 in this case), from one stable fixed point to a
pair of stable period-2 points, is known as a bifurcation or period doubling.
We can see this in another way by plotting a time series (logmap1.m)as shown below.

The first plot is for λ = 0.8 and we
clearly see the map iterate to the
stable fixed point at x = 0.

The third plot is for λ = 2.8 and we
clearly see the map iterate to the stable
fixed point at x = 0.64 in agreement
with the earlier result.

The second plot is for λ = 1.8 and we
clearly see the map iterate to the stable
fixed point at x = 0.44.

The fourth plot is for λ = 3.2 and we clearly
see the map iterate to two stable fixed points
at x = 0.52 and x = 0.80 in agreement with
the earlier result. These are period-2 points.

The fifth plot is for λ = 3.5 and we
clearly see the map iterate to four stable
fixed points. These are period-4 points.

The sixth plot is in a chaotic
regime with no periodicity and
no fixed points.

As λ is raised above 3.499 a second bifurcation occurs (see period-4 points for λ = 3.5 above),
that is, the pair of stable period-2 point turns into a quartet of period-4 points.
Such bifurcations occur faster and faster
until an infinite number of bifurcations occur at λ = 3.56994...........
We can see the entire structure of the logistic map in the plot of fixed points below

choose λ
iterate large
number of times,
plot all final points

Clearly, we can see the period-1, period-2, period-4, etc regions, the bifurcations or period doublings,
the chaotic regions and so on

Nothing special about Logistic Map - it was first to be studied and is easy to work with.
Cubic Map

Now to continue with the Logistic Map

xn+1 = r · xn

4x2n

1 (3

r

3
4

1)

If we blowup the region from 3.545 to 3.575 we have

Finally if we blowup the region 3.5680 to 3.5710 we have

Note at this time that plots show that entire original plot seems to repeat itself as we magnify image.
There are similar structures within similar structures and so on. More about this later.

Denoting by λk the critical value of λ at which the bifurcation from a stable period-k set of points to a
stable period-(k + 1) set occurs, it is found that
known as the Feigenbaum number.

Ratio turns out to be universal for any map with a quadratic maximum and is seen in a wide range of
physical problems.
One of conclusions can draw from existence of Feigenbaum number is that each bifurcation looks
similar up to a magnification factor.
This scale invariance or self-similarity plays an important role in the transition to or onset of chaos
and in the structure of the strange attractor that we will discuss shortly.
We note from pictures that above λc = 3.56994.... attractor set for many (but not all) values of λ shows
no periodicity at all.
For these values of λ the quadratic map exhibits chaos and is a strange attractor.
In the region λc < λ < 4 there are “windows” where attractors of small periodicity reappear.
An important property of chaotic motion is extreme sensitivity to initial conditions (as we mentioned
earlier).
To express the sensitivity quantitatively we introduce the Lyapunov exponent.

Consider two points in phase space separated by small distance d0 at time t = 0.
If the motion is regular (non-chaotic) these two points will remain relatively close,
separating at most according to a power of time(polynomial behavior).
In chaotic motion the two points separate exponentially
(Remember earlier Lorenz butterfly video example with 4 particles) with time according to

The parameter λL is the Lyapunov exponent.
If λL is positive the motion is chaotic.
A zero or negative coefficient indicates non-chaotic motion.
There are as many Lyapunov exponents for a particular
system as there are variables.
Thus, for the logistic map there is one Lyapunov exponent.
For the logistic map a semi-logplot of the separation of two
initially nearby time series trajectories
in a chaotic region λ = 3.64 gives an approximate straight
line with positive slope indicating exponential separation
with a positive Lyapunov exponent.
See plot.

Let us try to be more quantitative.
Consider a system with two initial states differing by a small amount;
we call initial states x0 and x0 + ε.

" = d0

We want to investigate eventual values of xn after n iterations from the two initial values.
Lyapunov exponent λL represents coefficient of average exponential growth per unit time between two
states(if it exists).
After n iterations, the difference dn between two xn values is, as stated above, approximately

From this equation, can see that if λL is negative, two orbits will eventually converge, but if positive,
nearby trajectories will diverge and chaos results.
Let us look specifically at a one-dimensional map described by xn+1 = f(xn).
Initial difference between states d0 = ε, and after one iteration, the difference d1 is

where the last result on the right occurs because ε is very small.
After n iterations, the difference dn between two initially nearby states is given by

where we have indicated the nth iterate of the map f(x) by the superscript n.
If we divide by ε and take the logarithm of both sides, we have
ln (en

L

)=n

L

Now, because ε is very small, we have for λL

The value of f n(x0) is obtained by iterating the function f(x0) n times.

We use the derivative chain rule of the nth iterate to obtain

Taking the limit as n → ∞ we finally obtain

where the sum arises from the logarithm of a product.
We plot the Lyapunov exponent as a function of r (the parameter r replaces the logistic parameter λ on
the graph), the logistic parameter, below.

Blue line => λ = 0
Above blue line λ > 0
Below blue line λ < 0
Bifurcations when cross (or
==> chaotic motion
==> non-chaotic motion
touch) blue line
If we put the Lyapunov exponent plot and the logistic map plot of fixed points on the same graph we get

Clearly, the Lyapunov
exponent is negative whenever
the map is stable and positive
whenever the map is chaotic.

The value of λ is zero when
bifurcation occurs because
∣df/dx∣ = 1 and the solution
becomes unstable.

A superstable point occurs
where df/dx = 0 and this
implies that λL = −∞.

Can see clearly from plot that when λL goes above zero, there are windows of stability where λL goes
negative for a while and period orbits occur amid chaotic behavior.
Relatively wide window just above λ = 3.8 is apparent.

Sensitivity to Initial Conditions
Another important feature emerges in chaotic region ... To see it, set λ = 3.99 and
begin at x1 = 0.3 . Next graph shows time series for 48 iterations of logistic map.

logsen0.m

Now suppose we alter starting point a bit.
Next figure compares time series for
x1 = 0.3 (open squares) with that for
x1 = 0.301 (solid dots).

Two time series stay close for about 10 iterations. But after that, they are pretty much
on their own - they diverge from each other.
Let us try starting closer together. We next compare starting at 0.3 with starting at
0.3000001....

This time stay close for longer time,
but after 24 iterations they diverge.
To see how independent they become,
next figure provides scatterplots for
two series before and after 24 iterations.

Correlation after 24 iterations (right side), is essentially zero.
Unreliability has replaced reliability.

Having introduced a wide variety of ideas and concepts related to the behavior of nonlinear system that
exhibits chaotic motion, let us now return to a discussion of the nonlinear, damped driven oscillator,
which is a real physical system.
The Nonlinear Damped Driven Oscillator
First we discuss the Simple Pendulum
The simple pendulum is shown.
Using Newton’s laws, we have these equations of motion:

or

Now ṙ = r̈ = 0 , r = L so that we have

The first equation simply determines the tension T .
The 2nd equation is the equation of motion of the pendulum.
If we add damping and a periodic driving force we have the equation of motion

We rewrite this as

First we investigate the motion of this physical system in phase space.
We fixed some of the parameters

We will use as a variable parameter (like λ in the logistic map) the constant a where a =
m
γ = driving amplitude.
In particular, we will look at these value of a :

The plots below are then generated.

,

a = 0.90 periodic motion

a = 1.07 periodic doubling

a = 1.15 chaotic motion
5000 points

25000 points

If the simulation were run longer
the area shown would be solid
red since the oscillator never
repeats (strange attractor) the
same point in phase space.

75000 points

a = 1.35 periodic motion

a = 1.45 periodic doubling

a=1.47 periodic doubling

a=1.50 chaotic motion

5000 points

25000 points

If the simulation were run longer
the area shown would be solid
red since the oscillator never
repeats the same point in phase
space (strange attractor).

75000 points

100000 points

300000 points

1000000 points

Clearly, the dependence of the system motion on the amplitude is very complex and sensitive to value.
Another way to visualize the behavior of these systems is via Poincare Plots.
The Poincare plot is the same as using a stroboscope on the motion.

In this case we flash the strobe once every cycle of the driving force (frequency = ω).
We thus obtain one point per cycle in the plot.

We generate the plots shown below:

a = 0.90 periodic motion
Since periodic, only one point appears
per cycle and it is the same each time.

a = 1.07 periodic doubling
Since period doubling occurred, two points appear
per cycle and they are the same each time.

a = 1.15 chaotic motion
The point never repeats in phase space.

a = 1.35 periodic motion
Since periodic, only one point appears per
cycle and it is the same each time.

a = 1.45 periodic doubling
Since period doubling occurred, two
points appear per cycle and they are
the same each time.

a = 1.47 periodic doubling
Since another period doubling, occurred four
points appear per cycle and they are the same
each time.

The point never repeats in phase space.
In the two chaotic cases, the Poincare plot is an attractor with an infinite number of points.
It is a fractal curve (more about this term later) with non- integer dimension.
The steady state motion of the oscillator in these cases is not periodic at all; the motion is chaotic.
An attractor of this sort is known as a strange attractor.
Its infinity of points are arranged in a strange self-similar (fractal) manner.
Next plot has 10,000,000 points

Finally we can make a bifurcation plot of fixed points for the driven oscillator,
where we plot the strobe values (from the Poincare plot) versus the driving amplitude.

We see same structures as in logistic map bifurcation plot.
Various periodic, period-doubling and chaotic regions are clear. Critical points are also clear.
Thus, two systems, which really do not resemble each other in any way except that they are both
nonlinear systems, exhibit very similar behaviors.
Show movie of calculation in oscpoinbif.mpg

Zooming In
Let us zoom in on a strange attractor.
We consider the Poincare plot for the driven oscillator when a = 1.50.
The strange attractor looks like:

We then start zooming in…..

ZOOM #1 below shows the detail present in the attractor.

ZOOM #2 below shows further detail present in the attractor.

These different magnifications clearly reveal
the self-similar structure caused by the
folding and stretching of the phase volume.
The stretching and folding processes lead to a
cascade of scales: the attractor consists of an
infinite number of layers.
The fine structure resembles the gross structure.

ZOOM #3 Pick another place.......

and zoom again .....
Here we are only limited by the resolution of
the screen and the accuracy of the calculation.

It is clear that there is complex structure in a
strange attractor or fractal at all levels.
The dimension(show meaning later) of this
strange attractor is D = 1.4954.......
The simulations of the chaotic attractor and
its Poincare sections reveal a hierarchical
structure that is uncharacteristic of ordinary
compact geometrical objects.

The chaotic attractor as represented by the Poincare sections are fractals or mathematical sets of
noninteger dimension(strange attractors).

Properties of a strange attractor
infinite length

A strange attractor is a fractal, and its fractal dimension is less than the dimension of its phase space.
Self-Similarity
An important (defining) property of a fractal is self-similarity, which refers to an infinite nesting of
structure on all scales.
Strict self-similarity refers to a characteristic of a form exhibited when a sub-structure resembles a
superstructure in the same form.
Fractals

If a Euclidean line connects 2 points in 3-dimensions and also stays within a finite volume, then the
length of the line is finite.
A fractal is a line that can stay within a finite volume, but still have an infinite length.

We will adopt a simplified version of the “Hausdorff dimension” called the “box counting” or
“capacity” dimension.
In the box-counting scheme, the dimension of an object is determined by asking how many “boxes” are
needed to cover the object(details later).

Just for fun before we proceed - let us see some fractals ——> Complex Maps
To see self-similar nature of fractals even more dramatically we study 2-dimensional complex
maps. These images will make our study of fractals more dramatic.
In particular, we look at Mandelbrot fractal boundary.
Mandelbrot Sets

zn+1 = zn2 + c

Key mapping is quadratic map given by:
where zn are complex numbers and c = complex parameter.

Turns out that if |zn | > 2 further iteration of this quadratic map is unbounded,
i.e., for different values of c, trajectories either stay near origin or always escape to
infinity.
When calculations are done we stop iteration when this condition is satisfied:
When investigating these maps, one iterates equation as follows:
(a) start with complex value for c inside rectangular boundary
(b) iterate equation until either
or
(1) |zn | > 2
(2) preset number of iterations exceeded
In case (1) color the starting point (c) in red. In case (2) leave the point (c) black.
Boundary between two regions is Mandelbrot fractal as shown below.

Alternately, in case (1) color starting point (c) by number
of iterations it took to escape.
In case (2) leave point (c) a single color (say dark blue).
Boundary between two regions is still Mandelbrot fractal
as shown below left, but wide variety of spectacular
images can be generated by clever choice of colormap.
or choosing different colormap
(no change in information) get

mandelcplxz.m

Run programs for colormaps and zooming. Mandelbrot demos - XaoS, etc
If zoom far enough see entire repeating itself as all fractals do since they are self-similar.

So we now ask what is a fractal?
It is an irregular geometric object with an infinite nesting of structures at all scales.
Why do we care about fractals?
natural objects are fractals
chaotic trajectories (strange attractors) are fractals - pictures we have seen
complex systems that self-organize will have self-similar or fractal behavior at all scales
Strange attractors and hence fractals appear in real world systems — the weather!!

Simple Euclidean 1D line between 2 points fills no space at all.
Smooth curves are 1D objects whose length can be precisely defined between two points.
A fractal curve has infinite variety of detail at each point along curve implying more and
more detail as zoom in, which implies that length will be infinite.
The Nature and Properties of Fractals
Fractals = mathematical sets of point with fractional dimension.
Fractals are not simple curves in Euclidean space.
A Euclidean object has integral dimension equal to dimension of space the object is being
drawn in.
In addition, if Euclidean line connects 2 points in 3-dimensions and also stays within finite
volume, then length of the line is finite.
Fractal is a line that stays within finite volume, but length = infinity.
Implies complex structure at all levels of magnification.
In comparison, Euclidean line eventually looks like straight line at some magnification level.

To describe this property of fractal, we generalize concept of dimension.
Dimensionality D of space defined as number of coordinates needed to determine unique
point in space.
Defined this way, only allowed values for D are non-negative integers 0, 1, 2, 3, ...
Several ways concept of dimension redefined
—> still takes on non-negative integer values for systems described above,
but also takes on non-negative real number values
Adopt simplified version of Hausdorff dimension called box counting or capacity dimension.
In box-counting scheme, dimension of object determined by asking how many boxes are
needed to cover object.
Here appropriate boxes for coverage are lines, squares, cubes, etc.
Size of boxes is repeatedly decreased and dimension of object is determined by how
number of covering boxes scales with length of side of box.

In one dimension, we consider a line of length ` .
We need

Generalizing to D integer dimensions, we have
Some algebra yields

We then define the dimension D by

As m → ∞, log ( ` ) becomes negligible and we have

or letting δm = ε

where N(ε) = the number of p-dimensional cubes of side ε needed to completely cover the set.
This is the Hausdorff or fractal dimension D of a set of points in a p-dimensional space.
Examples

An alternative way to think about it.
Always good to look at a new concept in several ways!
The Hausdorff Dimension
If take object residing in Euclidean dimension D and reduce linear size by 1/r in each spatial
direction, its measure (length, area, or volume) would increase to N = rD times original.
Pictured in figure below.

D
N
=
r
Consider
, take log of both sides and
get

log (N ) = D log (r)
Solve for D to get

log (N )
D=
log (r)
Plot log(N) versus log(r) —> D as slope

L = 1, #(L) = 1, total length = 1

L = 1/3 , #(L) = 4 , total length = (4/3)
At each step the middle-third of each segment is replaced with a “V” shaped bulge.
Continuing to iterate:

This curve turns out to have infinite length(see below), while enclosing (together with its natural base:
the original line segment) a finite area.
The dimension is given by

Clearly, the final length of the fractal line,
is infinite even though it stays within a finite area of the 2-dimensional Euclidean plane.
A strange attractor is such a fractal curve.
And now to end this section with a digression.....
Fractal Dimension Program
We now illustrate a program that carries out the box dimension calculations on complex fractal
structures.
The ideas of covering a fractal with boxes is shown below.
The program simply chooses a “box” size, covers the
fractal and counts the number of boxes.
It then reduces the box size and repeats until the box is very
small.
At that point it can recognize the limit of plot log N(r)
versus log r and determine the slope which corresponds to
the dimension
Koch curve covered by boxes of size r

If we apply the program to the iterated Koch snowflake which looks like

Koch snowflake curve

we get the result

The box process is illustrated below:

Boxing illustrated

Even more dramatic we apply the program to a fractal tree(created on the computer) as shown below

and get the result

log(N) versus log(r) plot

What about a picture of a real trees? I found a picture of a real tree and put it into the program

and the result is

Plot log(N) versus log(r) —> D as slope

Now using an OCTAVE program to do box-counting

Plot log(N) versus log(r) —> D as slope

Fractal dimension, Df = 1.6947 +/- 0.074024

Plot log(N) versus log(r) —> D as slope

Fractal dimension, Df = 1.3719 +/- 0.09723

Fractal dimension, Df = 1.8009 +/- 0.064227

