Ropes and Rods
Non-rigid objects like ropes can only pull, while objects like rods can both push and pull.
The pull of a rope is directed along its length.
Newton’s 3rd law says that the object pulls back on the rope with the same force in the opposite
direction, putting the rope under tension, which is then transmitted throughout the rope.
What happens to the tension as it is transmitted through the rope?
We will assume for a while that ropes do not have any mass.
Consider a piece of rope with a tension of T on one end.
Assume the rope is split in two and the tension changes as shown in figure.

Look at the piece on the right and apply Newton’s 2nd law. We get

because the mass is zero.
This says that tension is transmitted unchanged through a massless rope or T = Tʹ = Tʹʹ = … and so on.

Wedges - Fixed and Moving
Just a fixed wedge
Let wedge in figure be fixed.
All measurements are from an inertial frame.
Assume block has acceleration a down plane. See figure
Free-body diagram says that

no friction

In this case the speed down the wedge is increasing.
If friction was present, then

In this case the speed down the wedge is increasing.

If block is going up plane (friction now points down plane)

In this case, the speed up the plane is decreasing.
What happens if the wedge can move?
In this case, we need to see how constraints affect solution of problems
What is relationship(constraint) between accelerations of block and wedge?
Since wedge in contact with table -> trivial constraint that vertical (wrt plane)acceleration of wedge = 0.
The less obvious constraint has to do with the horizontal (along plane)direction.
Looking at figure we have

which is the equation of constraint between the various accelerations.
Important things to note: defined all coordinates in inertial frame ... fixed to floor. If had attached
reference frame to wedge(a non-inertial frame) then it would have been a more difficult problem,
especially to interpret(fictitious forces would arise). Will discuss this case in later.

Unimportant parameters such as height of wedge (h) vanish from equations when take time derivatives
but are absolutely necessary to set up coordinates.
Note that constraint equations are independent of applied forces, i.e., if have friction, constraint
equation would not change.
Example - A 45○ wedge is pushed along a table with constant acceleration A. A block of mass m slides
without friction on wedge. Find its acceleration a.
Newton’s 2nd law gives (x-y directions) for block of mass m:
vertical

horizontal

where have used W = mg and earlier figures. Constraint equation gives

Now

or

cos ✓ = sin ✓ =

p

2/2

, so we get

=0

Pulleys and More Constraint Problems
Two masses are connected by a string which passes over a pulley that is accelerating upwards at A as
shown in figure.
How are accelerations of two bodies related? Assume that motion is only vertical.
We use coordinates as shown (measured from inertial frame - the floor).
Constraint is that length of string L is constant.

Differentiating constraint equation and using A = ÿp get

Equations of motion are

and get
Does it agree with earlier
result when A = 0?

Now look at pulley system in figure
How does acceleration of rope in hand compare with acceleration
of block that is being lifted?
Use coordinates(again measure from an inertial frame - the ceiling)
as shown.
In this case have constraint equation

Another example - The Double Pulley
We define positions and lengths as shown in figure
Then have equations of motion

and constraint equation

Constraint equation follows from this argument:

Differentiating, get

Masses and Pulleys all over the place - See figure
Note that choice of coordinates uses inertial reference frame.
Assume coefficient of friction between 1 and 2 and table is μ.
Force diagrams look like those in figure
and we have

Gravitational force of a sphere (like the earth)
Following result can be proven.
It requires a lot of calculus and is done at the end of this section for the two-dimensional case.
We will only need result.
Newton invented calculus to do this derivation!!
Gravitational force obeys superposition principle ..... force due to collection of particles is equal to
vector sum of all individual forces.
So if think of extended bodies as small particles all super-glued together can find force due to an
extended body by vector addition (difficult but doable).
First result is for a thin shell of mass as shown in figure

Newton used calculus to show that

i.e., force due to shell of mass M (on a mass m outside shell) is same as if all mass M were concentrated
at center as in figure
Result can be made plausible by a simple argument.
Consider mass m inside shell as shown in figure

and consider two regions of mass on shell inside lines on opposite sides of mass.
Amount of mass is proportional to area on shell which is proportional to
distance-squared from mass.
However gravitational force due to this mass decreases as distance-squared.
Since forces due to each piece are in opposite directions, it seems possible that
they could cancel (they do exactly because of joint distance-squared dependence)
and so force anywhere inside a shell due to shell is = 0.
Now a uniform(solid) sphere can be thought of as being made up of spherical shells and it follows for
particles outside of it, a sphere behaves gravitationally as if its mass were all concentrated at center of
sphere.

Result also holds if density is not constant(non-uniform) as long as it only varies with radius (spherically
symmetric).
Therefore, for a body like earth - see figure
to a good approximation, for masses outside earth, have

Inside earth, only mass at points inside shell at position of particle contributes to force.
Shells outside that position give zero force.
This means that inside earth, say at a position r < Re, force on a particle of mass m is given by

Therefore

It is a LINEAR force inside sphere!!!

The Gravitational Field
Define gravitational field at a point in space a as force per unit mass due to a mass at b (really the
acceleration). It is given by

At this point , it is just a mathematical construct that associates a vector with each point in space.
At the moment it looks like a mathematical rearrangement that is really not needed, does not introduce
anything new, and thus cannot have any new physical meaning.
Nothing could be further from the truth.
Will not do much with fields in this course, but next course one studies is electricity and magnetism and
in that subject Electric and Magnetic fields will dominate all physical discussions and it will become
clear that classical fields of this type are “real” physical things.
Gravitational Proof for a Ring in 2 Dimensions
Consider ring of mass shown in figure
Small element of mass is dM = r t ρ dθ .
Total mass of ring is M = 2 π r t ρ.
Gravitational force on mass m due to small mass element is

We have

Law of cosines

Therefore

and

If we do integral we get
Very messy and complicated when using CALCULUS only

as if entire mass was located at center of circle!!

Late when study fields and use vector calculus + theorems
(like Gauss and Stokes theorems
gets much easier.

Electrostatic Forces
Similar to gravitational force between two masses, define electric force between two electric charges as

Force on a Charged Particle in an Electromagnetic Field
An electromagnetic field is characterized by two vector fields

A charged particle (q) experiences a force given by Lorentz force law

Spring and a Block
Consider situation shown in figure
The equation of motion is

This is an example of a 2nd-order differential equation.
Later in course will learn how to solve such equations

We can guess solutions in this case because can experimentally observe motion.
Since it is periodic in time, will assume sinusoidal solutions of form

Substitution into original equation shows that it is a solution for arbitrary A and B values, i.e.,

Therefore
—> have a solution

Period of periodic motion is repetition time, that is, time it takes for x(t) to return to same value, which
corresponds to time T it take for argument of sine or cosine to change by 2π or

The frequency of motion is

This motion is called Simple Harmonic Motion (SHM).

undamped, undriven harmonic motion

Hole Through the Earth
Gravitational force on a body located at a distance R from center of a
uniform spherical mass is due solely to mass lying at distance r ≤ R,
measured from the center of sphere.
Mass exerts a force as if it were a point mass at origin.
Let us use this result to figure out what happens if we drill a hole through
earth and drop a mass into it.
We first consider a hole through center of the earth and then an off-center
hole. See figure
Gravitational force on m at radius r is

or force on m is

where

GMearth
g=
2
Rearth

is acceleration due to gravity at surface of earth.

This is a one-dimensional problem (along line through center of earth). Equation of motion is

which corresponds to simple harmonic motion with a period

Now figure shows a circular orbit at surface of Earth.
For this circular motion(orbit) at surface of earth, have
equation of motion (r ≈ Rearth in our earlier equations)

The same result as going through the center! Why?

Off-center hole....
As can be seen in figure
This is also a one dimensional problem along the hole. The
equation of motion in the x-direction is (using earlier results)

mg
(r cos ✓) =
x=0
Rearth

which is again simple harmonic motion with SAME period as when hole was through the center!
Can we use this result in any way?
Back to the Mundane – Blocks on strings
Now consider dynamics of rotational motion.
A particle undergoing circular motion must have a radial acceleration.
Suppose that mass m whirls with constant speed v at end of a string of length R as in figure(top)

What is force on m (assume no gravity or friction)?
Only force on m is string force or tension T,
which acts toward center as shown in figure(bottom).
We use polar coordinates.
Radial acceleration is

ar = r̈

r✓˙2

where ✓˙ is angular velocity

and ar is positive if it points outward.
Tension T⃗ is directed toward origin,

T~ =

T r̂

and thus

radial equation of motion is

For circular motion, we have

Thus

Note that T is directed toward the origin ... there is NO outward force on m.

Force you feel does not act on block, it acts on you.
It is equal in magnitude and opposite in direction to the force with which you pull the block.
Now let us do an example with both radial and tangential accelerations
Again we whirl a mass m on a string, except that now it is vertical plane in gravitational field of earth.
Forces are as shown in figure
Geometry is shown in figure and v = instantaneous speed. Radial equation is

Tangential equation is

Since r = R = constant, we have

and

Now a string can PULL but not PUSH on a mass, so that T cannot be negative (point opposite way).
This requires that

Maximum value of Wsin θ occurs when mass is vertically up. In this case

If this condition not satisfied, mass does not follow circular path but starts to fall and r̈ no longer = 0.
During circular motion, tangential acceleration given by

cement mixer problem in 2nd assignment

Mass does not move with constant speed, that is, it accelerates tangentially.
On downswing its speed increases and on upswing it decreases.
Putting It All Together Now
Now let us consider a system in which everything is happening ... rotational motion, translational motion
and constraints.
A horizontal frictionless table has a small hole in its center.
Block A on table is connected to block B hanging beneath table by a string (no mass) which passes
through hole as shown in figure

Initially B is held stationary and A rotates at constant radius r0
with steady angular velocity ω0.
If B is released at t = 0, what is acceleration immediately afterward?
Force diagrams for A and B are shown in figure
Vertical forces acting on A are in balance and we can ignore them.
Only horizontal force on A is string force T.
Forces on B are string force T and weight WB
We use polar coordinates(they are natural here) for A and a single linear
coordinate for B as shown in figure.
Equations of motion are
Since string length L = r + z is constant have
chose z positive downwards

as a constraint equation.
What does the negative sign mean? We get

Thus, z̈(0) can be >, =, or < 0 - depending on
the numerator.
If ω0 is large enough block B will start to rise
after release!

Solving a Differential Equation
A block of mass m slides on a frictionless table.
It is constrained to move inside a ring of radius L which is fixed to table.
At t = 0 block is moving along inside ring (in tangential direction) as shown in figure with velocity v0.
The coefficient of friction between block and ring is μ.
The force diagram is shown in figure

where N is reaction force due to ring.
The general acceleration is given by:

In the special case above we have r= constant = L→ ṙ = r̈ = 0 so that

~v = ṙr̂ + r✓˙✓ˆ ! ~v = r✓˙✓ˆ ! v = L✓˙
The equations of motion in radial and tangential directions are then:

radial direction

tangential direction

Combining these equations we have the differential equation

which, in this case, we can solve by separation of variables and integration ...
limits must correspond

integrate again

The Conical Pendulum (we started this discussion earlier)
A mass M hangs by a massless rod of length L
which rotates at constant angular velocity ω as shown in figure
Mass moves with constant speed in a circular path of constant radius.
What is angle the rod makes with vertical?
Force diagram is shown in figure.
T is rod force and W is weight of mass.
No other forces are present.
There is no vertical acceleration(rigid rod). There is no tangential acceleration(motor control).
There is only a radial acceleration ar = −ω2r in plane of circular motion.
This means that mass is rotating around vertical line with fixed angle.
The equations of motion are then
vertical
horizontal

This seems like the solution to problem

Let us look, however, at some limits ....

At high speed we get
makes sense!

but at low speed our result predicts nonsense, that is,

as in diagram figure
In fact solution predicts

r

g
When ! =
, cosα = 1 and sinα = 0 and the mass hangs vertically.
L
What happened to that solution?

Let us look at the equations.
For this solution, we actually divided by 0, which is not allowed.
That is why we missed this solution.

A general picture of the entire solution is shown in figure
r

g
Physically for ! <
, the only acceptable solution
L
is α = 0, cos α = 1.
r
g
For ! > L there are two acceptable solutions

(1)
(2)
Solution #1 corresponds to the mass rotating rapidly but hanging vertically.
Solution #2 corresponds to the mass flying around at an angle to the vertical.
r
g
For ! >
solution #1 is unstable – if the system is in that state and is even slightly perturbed,
L
it will jump outward to solution #2.
Someday you might learn that the reason the system behaves this way is the same reason why
electromagnetic and weak elementary particle forces are two aspects of the same thing and why quarks
cannot be observed, why all particles have mass, and how superconductors works, and so on.
WOW! — all from a classical conical pendulum!
It is called spontaneous symmetry breaking.

The Dangling Massive Rope
Consider section of rope of length x, as shown in figure
Let T(x) = the tension at x, which pulls upwards.
M gx
The weight = W =
pulls downwards.
L
The equation of motion (the rope is at rest) gives
Therefore at bottom of rope the tension is Mg and it is = 0 at the top!
The Whirling Massive Rope
Consider a small section of a whirling rope as shown in figure
Let size = ∆ r and mass = ∆ m = M r
L
Since we have circular motion, we have a radial acceleration.
This means forces pulling two ends of segment of rope cannot be equal.
The tension must vary in rope.
The equation of motion is
T (r +

r)

T (r)

Dividing by ∆ r and taking limit as ∆ r → 0, we get
lim

T (r +

r!0

r)
r

T (r)

Now integrating we have

where T0 = tension at r = 0.
Since the tension = 0 at the free end of the rope, we have T(L) = 0. This gives

The final result is then

Now a rigid rod, on the other hand, can both push and pull.
If we stretch the rod then it is under tension and it will pull on another object.
If we compress a rod then it is under compression and it will push on another object.

A rigid rod can have transverse force also while a rope can only have a tension along its length.
This fact forces us to rethink the definition of general equilibrium.
Consider the rod shown in figure
In this case

and, thus, there will be no translational motion of the rod (no linear acceleration).
However, the rod will rotate, so it cannot be in equilibrium.
We will fix up our equilibrium conditions shortly to deal with this case.
A More Complicated Engineering Example
Assume system shown in figure is in equilibrium
We concentrate on the 4 pins as shown in figure

where we have removed the rods and the wall from
the problem and replaced them by the forces they
exert on the pins.

The wall exerts the F1 and F2 forces and the internal forces of the ends of each rod are equal and
opposite.
We can assume a wrong direction for a force as long as we maintain consistency.
It will simply come out as a negative number in the end if the assumed direction was wrong!!
The vector sum of the forces at each pin must equal zero. We write

At A:

At B:

At C:

At D:

A tedious procedure, but if you are careful in applying it, it will always work.
We now deal with problem of rotational equilibrium.
If equal and opposite forces are applied to a body at different point ,
we get translational equilibrium(net force is zero), but we do not get rotational equilibrium.
Let us do a set of experiments. Consider seesaw in figure
If d1 = d2 and m1 = m2 then we get no rotational motion
If d1 > d2 and m1 = m2 then we get counterclockwise rotational motion.
If d1 = d2 and m1 > m2 then we get counterclockwise rotational motion.
If d1 < d2 and m1 = m2 then we get clockwise rotational motion.
If d1 = d2 and m1 < m2 then we get clockwise rotational motion.
So the tendency to rotate has something to do with amount of mass(force due to gravity in this case) and
distance from the axis of rotation.
Now consider the experiments shown in figure

We find that effect of force is not dependent only on its
magnitude but also its direction (we should not be surprised since
it is a vector).
Tendency to rotate decreases with angle θ between force
direction and direction of position vector from axis of rotation to
point of application of force.
It decreases from 1 to 0 as θ changes from ⇡/2 to 0
That suggests a functional dependence containing sinθ.
Finally, if we do the two experiments shown in figure
The tendency to rotate is identical.
To account for the results of all of these experiments, we define
torque = τ = tendency of a force to produce rotation
τ = (magnitude of the force)×(perpendicular distance from axis to force line) = Fd = Frsinθ

In this simple case(rotation in a plane), we must associate a sign with the torque according to which way
the system tends to rotate, say, by convention,
if system tends to rotate clockwise, then sign = if system tends to rotate counterclockwise, then sign = +
Finally, in this simple case, we assume that the torques calculated in this way add algebraically to give a
total torque.
If the net torque is > 0, then the system rotates counterclockwise and if the net torque is < 0, then the
system rotates clockwise.
If the net torque is = 0, then the system is in equilibrium (no tendency to rotate)
Can we find a single formula that concisely expresses all of these features and can represent the torque in
general? Answer is yes. If we write
r⃗ = radius vector from axis of rotation to point of application of force

Certainly, this formula gives the correct magnitudes since

The sign convention chosen above corresponds to the
direction of the torque vector.
We are able to use only ± signs above because the r⃗ and F⃗
vectors are all in one plane and hence τ⃗, which must be
orthogonal to that plane(see figure), can only point in two
directions.
Example using both methods - the beam balance - see figure
Digression to center of gravity:
In order to find the line of action of the weight of an extended
body we need to determine its point of application.
Later we will derive a formula for this result, but for now we
just do it experimentally. See figure

The intersection point as shown above is the center of gravity.
We assume that the point C is the center of gravity of the
pointer-crossbar combination.
Without vectors we have:
M gr
tan ↵ =
Wbar b

With vectors we have:
Define(with reference to directions in figure)

In this simple case vector method more complicated but as problems get more complicated and get into
motion in three dimensions rather than a plane, vector method will be much easier to use and understand
results.
Example
A uniform ladder AB with a weight W and a length L
rests against a wall, making an angle of 60○ with the
floor.
Find the forces on the ladder at A and B.
Assume no friction (no vertical force)at the wall.
See figure

Solution:

Therefore, we have

or

You should be able to do any Newton’s 2nd law problem and any equilibrium problem now.

Momentum - shift from Engineering mindset to Physics mindset
Introduction
The Newton’s 2nd law we have been using is of the form:

This might lead us to believe that the most important dynamical quantity is velocity and that mass is just
some constant parameter for any system that indicates its resistance to a force (its inertia).
This is not the case however.
We were led to write down the above form of the 2nd law only because we were dealing with systems
that all had a common property, namely, that their mass remained constant during the experiment.
In fact, above form of 2nd law is a special case when mass m = constant of form of law shown below:

where we have introduced a new dynamical quantity
It is, in fact, the important dynamical quantity here and actually, in general, in all of physics.
We cannot generalize old form of 2nd law to more complex systems but new form will have no such
limitations.
Lesson learned here is that it is important to home in on correct variables when developing a new theory.

Dynamics of a System of Particles
Now consider a system of interacting particles.
What can we say about properties of such a system in general?
First, we are free to choose the boundaries of system, that is, which particles to include in our defined
system, but once we choose set of particles in system we must be consistent about following time
development or motion of only those particles so that the definition of system involved remains same
throughout our investigation.
Now consider figure

We define system = particles inside dotted line at one instant of time and outside = rest of universe.
We assume that particles of our system not only interact with other particles inside system, but also with
those particles outside system.
We assume that our system has N interacting particles with masses
Position of jth particle is ~rj , force on it is F~j and its momentum is

as shown in figure

Equation of motion for jth particle is (from Newton’s 2nd law)

Force on particle j can be split (a superposition) into two terms
F~jinternal
where
, the internal force on the particle j, is force due to all the other particles in
system, and
F~jexternal , the external force on particle j, is force due to all “outside” particles and
whatever else may be around outside the system like electric, magnetic and gravitational fields.

The equation of motion then becomes
Let us add all these equations together (there are N of them) vectorially. We get

where

is total external force acting on internal system. Other term on LHS of equation,
sum of all internal forces acting on system (due to all of particles within system).

X

F~jinternal , is

j

Newton’s 3rd law states that forces between any two particles are equal and opposite and thus their
sum is = 0. This means that

since all internal forces cancel in pairs. Equation of motion then simplifies to

Now rewrite RHS of equation as

where
So, finally we have
or
total external force acting on a system = time rate of change of total linear momentum of system.
This is valid independent of details of interactions, i.e., how total external force is made up.
Bola example
Suppose we have 3 masses all tied together into a “bola” as shown
What happens in two experiments below:
(1) tape them all together into one particle and throw it
(2) whirl them about(holding one mass) and throw it

In case (1) have single particle of M = 3m with external force F⃗ ext = M g⃗ and hence have equation of
motion

In case (2) have 3 particles each of mass m each with external force F⃗ ext = mg⃗ and hence have
equation of motion

This is same equation of motion for ‘‘entire” system as before.
Anyone throwing bola knows that they must forget whirling masses and throw it as if it were a single
particle.
What does that single particle do?
Digression: The Concept of the Center of Mass
We have (dropping label “external”)
As have seen, system of particles and single particle of mass = total mass of system have same equation
of motion.
Let us push on this further to see what it really implies.
Suppose we define a new vector R⃗ (see figure)

such that

This then implies that

This is true if we define (we are free to define R⃗ in any way we wish at this point) R⃗ by

R⃗ is then a vector from origin to some point (within system of particles).
It is called center of mass (CM) of system.
Equations then state that system behaves as if all mass M concentrated at single point and all external
forces act at that point.
That is why everything worked in our earlier discussions, where were able to treat all of bodies involved
as point particles of mass = total mass of all particles in body.
Without knowing it, were implicitly putting point particle at CM and saying that total external
force acted there!

Works for “rigid” bodies where all particles involved have fixed separations.
It does not work in quite so simple a manner for general system of particles, although CM in both cases
satisfies same equation, as we shall see later.
Can now understand why bola behaved as it did in two experiments.
Also clear that this simple equation only tells us about a part of motion, namely, translation of entire
body or translational motion of its CM.
Does not describe body’s orientation in space or rotational motion about center of mass .... or what
three masses in bola are actually doing in detail.
CM will follow parabola as any mass M would do when thrown in uniform gravitational field!
In other words, as far as translational motion of CM is concerned, however, equation

is whole story.
It is valid for any system of particles no matter how individual particles are moving with respect to(wrt)
each other or how they are interacting.
Example - Now consider massless stick
with 2 masses on the ends as shown

Position vector of CM given by

as shown in figure
Clearly, CM lies on line joining two masse since

where primed vectors use CM as an origin. These equations imply
that

~r 01 and ~r 02 lie along line joining m1 and m2.

We also note that

Total external force on system is
Therefore equation of motion is

or CM follows same parabolic trajectory as that of single mass in uniform gravitational field as shown

Finding CM of system of point masses is easy(just sum above), but
finding CM of real extended body is not always so straightforward.
With help of simple calculus, however, it is not hard to accomplish.
Process goes as follows:
Divide body into N mass elements (think of particles glued together) with r⃗j the position vector of jth
element and m its mass. Then have approximate result

This is an approximate result because any real body cannot be represented by particles of finite size
glued together (—> lots of holes that are not really there).
If take limit of N → ∞ and size of each particle approaching 0, then formula becomes exact.
Limiting process, as you learned in elementary calculus, turns sum into an integral, that is,

where dm is an infinitesimal amount of mass.
We can visualize this in 3-dimensions as shown

then have
where ⇢(~r) = the mass density function,
dV = an infinitesimal volume element (see figure)
and dm = ρ(r⃗)dV is element of mass
This is a “volume” integral. We will only look a very special bodies (with lots of symmetry) so that
integrals are always 1-dimensional and you can use ordinary calculus to evaluate them.
Examples:
1-Dimensional Object - CM of a Rod
A very thin rod of length L has a density λ(x) (mass per unit length). Using geometry in figure
element of mass is chosen as dm = λ(x)dx.
Position of CM (clearly along the x-axis) is then given by

where

Case #1: Uniform Rod where λ(x) = constant = λ0.
We then have
and
so that
as expected!
Case #2: Non-Uniform Rod where
We then have
and

so that

x
(x) = 0
L

.

2-Dimensional Object - CM of a Triangular Sheet
Consider geometry shown in figure
which is a 2-dimensional uniform (constant density) triangular
sheet of mass M and dimensions as shown.
If we divide sheet into small rectangular areas of sides ∆x and
∆y as shown, then volume of each element is ∆V = t∆x∆y,
where t is thickness of plate, and

where j is label for one of volume elements and ρj is density at that point.
Since sheet is uniform we have
where A is area of sheet.
We can formally write down this result as follows.
We do by first summing over ∆x’s and then over ∆y’s instead of over a single index j.
This gives double sum which can be converted into “double” or 2-dimensional integral by taking limit

Now let ~r = xêx + yêy
we have

~ = X êx + Y êy ,
be position vector of an element dxdy. Then writing R

Hence, coordinates of CM are given by

What does the X-integral say?
It tells us to take each element, multiply its area by its x-coordinate and sum results.
Let us do this in stages.
First consider elements in a vertical strip parallel to y-axis as shown in figure
Strip runs from y = 0 to y = xh . Each element in the strip has the same
b
x-coordinate and contribution of each strip to double integral is

Finally, sum contributions from all such strips x = 0 to x = b to find

Since A = bh/2 we have

Writing out steps we just carried out in one formula we have

Similarly

so that

How could we operationally find CM of such a plate?
Demonstration of plate and plumb bob method
Another Interesting Example
CM Motion
Suppose that a rectangular box is held with one corner resting on
a frictionless table and it is gently released. It falls in a complex
tumbling motion, which we do not know how to figure out yet.
However, we can answer the question: What is the trajectory of the CM?
The external forces acting on the box are gravity and the normal force from the table.

Neither has a horizontal component.
This means that
which means that CM does not move horizontally.
It falls vertically as shown in figure!
We now discover our first conservation law.
total external force

total momentum

Conservation of Momentum
We have in general for any system of particles
Suppose system is isolated, which means that total external force is zero.
We then have
or total momentum is a constant vector (constant in magnitude and direction).
Thus no matter how strong the internal interactions might be, the total momentum of an isolated
system is a constant.
This is called the
Law of Conservation of Momentum

At the next level of study, one finds that
momentum conservation follows from the
spatial translation invariance of the system

As we shall see, this law will give us very powerful insights into the behavior of complicated systems
Remember Newton’s 1st law..... We can now restate it as follows:
For an isolated body the linear momentum is constant.
Let us now look back at Newton’s three laws.
The 3rd law now reads:
Considering only internal forces, the total momentum of any pair of particles is a constant.
This means that

Defining

Note that this last equation is Newton’s 2nd law!
Then we have
For a single isolated particle, the momentum is a constant:
So, all three laws are really included in the statement that momentum is conserved for an isolated
system plus the definition of a force!

Example - Spring Gun Recoil
We have a loaded spring gun. Everything is initially at rest on a horizontal frictionless surface.
See figure

What happens?
The physical system is the gun + the ball.
Everything else is external.
External forces acting on system are gravity and normal force from
table.
Both of these forces are in y-direction, hence external force in
x-direction = 0. This implies that

Initial time is before we fire gun, so Px,initial = 0 (system is at rest).
After the ball leaves gun, gun recoils with speed Vf to left relative to ground (an inertial frame).
Therefore,

Now at instant ball leaves gun it has speed v0 relative to the gun at an angle θ with horizontal.
Therefore relative to the ground it has velocity in x-direction

and a momentum
Total momentum conservation then gives

or

What if we tried to do this using Newton’s laws instead ......?
Let v⃗(t) be velocity of ball and V⃗ (t) be velocity of gun.
While ball is in gun it is acted on by gravity and the spring and friction forces inside barrel.
~
Let net force on ball be f (t) . The x-equation of motion of ball is

Integrating we get

The external forces are all vertical and thus horizontal force fx on ball is due entirely to gun.
Newton’s 3rd law says ball exerts an equal and opposite force −fx on gun.

Horizontal equation of motion of gun is then

Integrating we get

Eliminating the integral gives

so we have just rediscovered conservation of momentum!!!!.
What happens to CM during all of this?
Horizontal velocity of CM is given by

since system was initially at rest and momentum is conserved.
Note that total momentum in CM frame =0.
Therefore xcm is a constant - it does not move!

There is no external force in x-direction and so CM is not accelerated during interactions.
It was at rest to start with and remains at rest!
The law of conservation of momentum is universal ... it holds everywhere in physics ... not just in
mechanics.
It is more fundamental than Newton’s 3rd law which relies on the concept of force.
Center of Mass Coordinates
The correct choice of coordinate system can often greatly simplify the solution of a problem.
One possible choice in many problems is the CM coordinate system ...
where the origin is attached to the CM, where the position vector of the CM (see figure) is given by
—> CM position in LAB frame.
Now attaching an

x0 y 0 z 0

coordinate system to the CM,

the CM position vectors of the particles in that frame are then given by

as shown in next figure

We note a few important properties of these new coordinates.
For an isolated 2-body system, total momentum is a constant and hence

or CM moves with a constant(uniform) velocity. In CM system

so that if motion of one particle is known, then motion of other follows directly(motions are correlated).
The Push Me - Pull You
Two identical blocks(mass = m) slide with no friction on a horizontal surface are connected by a spring
(spring constant k and unstretched length L).
Initially they are at rest
At t = 0 block a is hit sharply giving it an
instantaneous velocity v0 to the right (see figure).
What happens?
Since there is no friction there are no external forces in horizontal direction and hence total momentum
is conserved in horizontal direction.

This means that the CM mass moves uniformly and thus defines an inertial frame.
We transform, therefore, to CM frame of reference as shown in figure
CM is at
i.e., R is ALWAYS half way between the masses (as we
expect for equal masses). The CM coordinates are

The instantaneous length of the spring is
and the magnitude of the spring force is
Note that equilibrium length is same in both frames (because it is a displacement).
Equations of motion in CM frame are
Subtracting the equations we get equation for relative (as if we were sitting on b) motion of the masses

Letting

u = ra0

rb0 = position of a wrt b. We get

Letting u = y + L we have
This is equation of SHM and we know its solution

Initial condition u(0) = L (spring is unstretched) says that must choose B = 0. Also we have (initially)

so that solution is finally
Now

and in CM frame (where

The laboratory velocities are
since
Since

Ṙ

= constant (it equals its initial value), we have

mra0 + mrb0 = 0

why? )

So

Masses move to right on average, but they alternately come to rest in a push-me pull-you fashion!!!
Integrating,
red line

v0 t
v0
xa =
+
sin !t
2
2!

blue line

v0 t
xb =
2

v0
sin !t
2!

Octave code:
omega=1;
v0=1;
t=0:0.1:10;
xa=(v0/2)*t+(v0/(2*omega))*cos(omega*t);
xb=(v0/2)*t-(v0/(2*omega))*cos(omega*t);
plot(t,xa,".r")
hold on
plot(t,xb,".b")
hold off

Example
A circus acrobat of mass M leaps straight up with initial velocity v0 from a trampoline.
As she rises up,
she takes a trained monkey of mass m off a perch at a height h above the trampoline.
See figure

What is maximum height attained by pair?
Before she grabs the monkey
we must calculate what happens in getting to height h:

Grabbing monkey → at h momentum is conserved:

is new initial velocity of pair. Let hʹ = extra height, then

Impulse
We have the differential form of Newton’s law
We can turn this into an integral form as

that is, change in the momentum of system = impulse.
This implies that small forces acting for long times can produce the same effect as large forces acting
for short times.

Example - Rubber Ball Rebound
A rubber ball of mass 0.2 kg falls to the floor.
The ball hits with a speed of 8 m/s and rebounds with approximately the same speed. See figure
Experiment finds that ball is in contact with floor for 10−3 s.
What is force exerted by floor on the ball?
We have

A plot of F versus time is shown in figure
Finally, we can calculate some numbers.

This shows that a very quick collision such as a hammer on a nail can, in this
way, produce a much larger force on the nail than any person could exert directly.

Momentum and Flow of Mass
Systems where mass flows into and out of system are very difficult to deal with.
Very important to keep track of all parts of system no matter where they might be at any instant of time
This means that mass of system as a whole cannot change during process under investigation.
Mass can redistribute itself within system however
No new theory/equations are involved in this discussion so we will proceed by doing examples that
illustrate inherent difficulties and how to deal with them
Example - Spacecraft and Dust Cloud
A spacecraft moves through space with constant velocity v⃗.
Spacecraft encounters stream of dust particles which embed themselves into spacecraft at rate dm/dt.
Dust has a velocity u⃗ just before hits spacecraft.
At time t total mass of spacecraft is M(t).
What external force F⃗ is necessary to keep spacecraft moving
uniformly (normally F⃗ comes from spacecraft’s own engines ...we
will simplify matters by thinking of it as a true external force)?
See figure

We focus our attention on short time interval between t and t + ∆ t.
Figure show system at beginning and end of interval.
∆m = amount of mass added during next ∆ t.
System consists of M (t) + ∆ m
Initial momentum is P⃗ (t)=M(t)v⃗+(∆ m)u⃗.

vector equation

Final momentum is P⃗ (t + ∆ t) = M(t)v⃗ + (∆ m)v⃗.

maintain velocity

Change in momentum is

Therefore time rate of change of momentum is approximately

Taking limit as ∆ t → 0 we get
Note that F⃗ can be either positive or negative depending on magnitude/direction of the stream of dust.
If v⃗ = u⃗ , then momentum of the system is constant and F⃗ = 0 .

This procedure seems overly formal. If mass of system is changing why don’t we just use

since v⃗ = constant, which, of courses we have seen, is incorrect.
Difficulty is there are more than one contribution to momentum and only way in many problems to
keep track correctly is this overly formal method.
Example - Freight Car and Hopper
Sand falls from a stationary hopper onto a freight car which is moving with velocity v.
Sand falls at rate dm/dt.
How much force is needed to keep freight car moving at speed v?
The initial horizontal speed of sand = 0.
Thus, have in horizontal direction
dP
= (v
dt

dm
u)
dt

Does this make sense? Think of what each sand grain must do!
What happens to each grain of sand as it transfers to the car?

See figure

Example - Leaky Freight Car
Same freight car is leaking sand at a rate dm/dt.
What force is needed to keep it moving with constant speed?
Mass of car is decreasing.
Velocity of sand leaving car is same as that of car and hence when it leaves there is no momentum
change for SYSTEM.
Thus, force = 0.

What happens when the sand hits ground?

Example
An empty freight car of mass M starts from rest under an applied force F .
At same time, sand begins to run into car at a steady rate b from hopper at rest along track. See figure
Find speed when a mass m of sand has been transferred.
System = car + sand to enter in next ∆ t.

We only consider horizontal direction.

What does that look like?
Now for two-line solution

Impulse from sand is perpendicular to direction of motion and does not contribute!
Example

Material is blown into cart A from cart B at a rate b kg/s.

Material leaves chute vertically downward, so that it has
same horizontal velocity u as cart B
At moment of interest cart A has mass M and velocity v,
as in figure

What is acceleration of cart A?
Assume ∆ m = mass that will arrive at cart A in next ∆ t.
Then system = M + ∆ m.

Consider only horizontal motion

No external forces means momentum is constant (horizontal direction).

But
so,
or
Therefore

Example N men, each with mass m, stand on a railway flatcar of mass M.
They jump off one end of the flatcar with velocity u relative to the flatcar.
Car rolls in opposite direction without friction.
(a) What is final velocity of flatcar if all men jump off at same time?
In each case flatcar is at its final velocity as jumper parts company;
no acceleration after the jumper leaves. See figure
Remember velocity of jumper is relative to flatcar.

Therefore,

(b) What is final velocity of flatcar if they jump off one at at time?
Assume j men have already jumped so that speed of flatcar is Vj .
pi = ((N
pf = ((N
Vj+1 =

j
(N

j)m + M )Vj
1)m + M )Vj+1 + m(Vj+1
m
u + Vj
j)m + M

u)

See figure

Therefore,

(C) Which case gives larger velocity? Why?

Now, 1st case is

Motion of a Rocket
Let us use concept of momentum to understand how a rocket behaves.
A rocket accelerates by expelling gas at a very high velocity;
reaction force of gas on rocket accelerates rocket in opposite direction.
To analyze motion of rocket consider system of rocket and fuel during time interval t to t + ∆ t.
Between t and t + ∆ t a mass of fuel ∆ m is burned and expelled as gas
with a velocity u⃗ relative to the rocket.
Exhaust velocity u⃗ is independent of velocity of rocket
(i.e., depends on type of chemical reaction, etc).
See figure
All velocities here are with respect to an inertial frame (not attached to rocket).

Initial momentum is
Final momentum is
Have chosen velocity of ∆ m to be v⃗ + ∆v⃗ + u⃗.
Could have chosen it to be v⃗ + u⃗.
End result in limit of ∆ t → 0 is same.
Change in momentum is
which gives

Have assumed that M(t) + m(t) = constant where M(t) is amount of mass remaining in rocket at time t
and m(t) is amount of mass expelled by time t.
In most normal rockets u⃗ is opposite to v⃗.
Since M (t) + m(t) = constant, we have
or

Note that it is NOT

Rocket in Free Space
In this case, F⃗ = 0 and
dM
d~v = ~u
M

Integrating we get

If v⃗0 = 0, then
In this case, final velocity is independent of how mass is released ... fast or slow ...
Only important quantity is exhaust velocity.
Rocket in a Gravitational Field

where u⃗ and g⃗ are both directed downwards. We have

If v⃗0 = 0 , t0 = 0, then

or choosing upwards as positive

Now there is a premium attached to burning fuel rapidly.
The shorter the burn time, the greater the velocity.
That is why takeoffs are so spectacular!
Example
A rocket ascends from rest in a uniform gravitational field by ejecting exhaust with constant speed u.
Assume that rate at which mass is expelled is given by

where m is instantaneous mass of rocket and γ is a constant, and that rocket is retarded by air resistance
with a force mbv, where b is a constant.
Find v(t).
Rocket equation gives:

Most general solution to this equation is sum of two solutions
where

can always add a homogeneous solution

Since particular solution is unique (learn this later) we only need to guess it.
choose simplest solution

We solve for homogeneous solution by separating variables and integrating

Therefore, solution is
We determine constant A by using initial condition v(0) = 0 to get
so that
After a long time velocity becomes a constant

We have

Momentum Transport
If you get blasted by a stream of water from a hose you feel a push.
Push comes from momentum transfer as water bounces off of you.
Let us see exactly how this occurs.
Picture water stream as series of drops, each of mass m, a distance L apart
and traveling with velocity v0

See figure

Assume drops collide with your hand and then just drop straight down.
As each drop hits there is a large force for a short time.
We must have

in same direction as velocity of drops.
Impulse = area under one of peaks as in figure.
If there are many drops per second you do not feel individual
shocks but instead feel average force as shown.

Area under average force during one period T (T = time between drops) = area under a single peak.

Now T = L/v0 and

= mv0 so average force is

Another way:
Consider length D of stream just about to hit surface. See figure

Number of drops in D is D/L.
Each has momentum mv0, so total momentum is ∆ p = (Dmv0)/L.
All of these drops strike in time ∆ t = D/v0. Thus, average force is
To apply this model to a fluid, consider a stream moving with speed v.
If mass per unit length is λ = m/L, momentum per unit length is λv and
rate at which stream transports momentum to surface is

If stream comes to rest at surface, force is F = λv2

See figure

If stream rebounds then we have a different situation (see above)
dm
Now
= λv = rate mass arriving at surface and rate of mass leaving is λʹvʹ
dt

Since mass does not accumulate at surface or get lost anywhere we must have λv = λʹvʹ.
Total force on surface due to both contributions is

Special Cases:
no rebound
perfect rebound
Example
Water shoots out of a fire hydrant having nozzle diameter D with nozzle speed V0. See figure
What is reaction force on hydrant?

As figure shows
∆p⃗ transferred to hydrant is at 45○ and has magnitude
Therefore, the force on the hydrant is

p

2 V02 t
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Work and Energy
Let us look back at some systems that we have already investigated to see if we can learn more about
physics that is taking place.
Theorist often does this to get a better understanding and many times this second look leads to new
insights and occasionally brings about a paradigm shift in how we think about the physics involved.
Earlier we carried out following alternative mathematical way of dealing with kinematics equations.....
(we consider 1-dimension only to start with).
If know force as a function of time F (t) then can directly integrate Newton’s 2nd law to yield velocity
as follows
which yields v(t)

If we know force as a function of position F (x), this is a more complicated problem(formal diffEQ
theory can handle it, but we do not know all of that stuff yet). In this case we handle things as follows:

which yields v(x).

We have used chain rule of calculus above dv
=
dt
This is an important trick that we will use many time during this course.
Let us see what happens in some special cases (that is how we really learn what is going on).
Mass Thrown Upward in a Uniform Gravitational Field
Mass m is thrown upward with initial velocity v0.
How high does it rise?
Assume z positive is upward.
We then have
We get
At the maximum height, v(zmax) = 0, which yields the result
Note that this solution method makes NO reference to time at all.
To get same result by integrating with respect to t, would have to eliminate t from equations, which is
generally much more complicated.
We note for later discussion the intriguing result (gotten by rearranging equation derived above)

Solving the Equations of SHM
First let us solve this problem using force as a function of position F(x) method.
We consider mass M attached to spring(k). Let x be measured from equilibrium so that F = −kx.
We then have
Suppose v0 = 0 (release at rest) and x0 ≠ 0 (displaced from equilibrium), then

Separating variables and integrating we obtain

We just need to use integration in
a clever manner and no diffEQ!!

We note again the intriguing relation (for later discussion).

The Work-Energy Theorem in One Dimension
Now define two new quantities
1
energy due to motion
(1) kinetic energy = K = mv 2
2
(2) work done by force F(x) on particle as it moves from point a to point b is
As we can see in all of above special case examples, we then have relationship (called Work-Energy
Theorem) between these two quantities.

which we assume to be generally true(a theorem).
Example - Vertical Motion in an Inverse Square Field
A mass m is shot vertically upward from surface of Earth
with an initial speed v0.
What is maximum height (altitude) reached?
What initial speed will allow mass to escape(called escape velocity) Earth completely,
that is, get to r = ∞? See figure

Motion is 1-dimensional (radial direction) in this case. Radial force on m is
We then have

Maximum height corresponds to v(r) = 0, which gives

where

GMe
g=
= acceleration due to earth’s gravitational field at Earth’s surface.
2
Re

Finally we get
Escape velocity is found by setting rmax = ∞ to get
Now let us put in some numbers:

and kinetic energy

1
( mv02 )
2

needed to eject a 50 kg spacecraft is

Again we note intriguing relationship (for later discussion).

Integrating Equation of Motion in Several Dimensions
In general 3-dimensional motion has vector equation
Let us generalize our 1-dimensional procedure to this deal with this case.
Consider what happens when particle moves through a displacement ∆ r⃗ (i.e., during actual motion).
Displacement is infinitesimal so can assume that force is constant during displacement.
Consider figure

so that

Now divide entire trajectory (see figure) from initial
position r⃗a to final position r⃗ into N short segments of
length ∆r⃗j where j is an index numbering segments.

For each segment we have according to earlier derivation

where r⃗j is position of segment j, v⃗j is velocity particle has there, and ∆ tj is time it spends traversing it.
Adding all of these terms for N segments we get

Now we take limit where length of each segment approaches zero and number of segments approaches
infinity so that sums become integrals and we get

theorem true in general!

Example - A Path-Dependent Line Integral
Now let us do a path-dependent (work) integral. Let

and consider integral from (0,0) to (0,1) along paths labelled 1(covers 3
sides) and 2(covers 1 side) as shown in figure

This is an example of a so-called nonconservative force(more later). We can write these integrals as
follows:
Path 1:

Path 2:

Clearly, work done by this applied nonconservative force is DIFFERENT along the two paths.
Potential Energy
Several times we noted in various examples that the quantity of the form

where U(r⃗) = some function of position only.

It turns out that all of these examples involved so-called conservative forces.
and the above relationship is a special case of a more general result for conservative forces
→ work integral is independent of path of integration.
For conservative forces we find that

where U(r⃗) is a function defined as above, known as the potential energy function.
Clearly, in this definition, the integral depends only on the endpoints and not on the path.
The work-energy theorem then gives

or
Since LHS depends only on what is happening at b and RHS depends only on what is happening at a,
quantity
or in general, total energy is constant for conservative forces.
Thus, for conservative forces total energy is
independent of position of particle .... it remains
constant .... it is conserved.

At the next level of study, one finds that energy
conservation follows from the time translation
invariance of the system

This is a “derived” law.
It has no more physical content than Newton’s 2nd law from which it was derived.
A peculiar property of energy is that the value of E is to a certain extent arbitrary.
Only changes in E have physical significance(not the actual value).
This comes about because the relation
defines only the difference in potential energy between a and b and not the potential energy itself.
So if I change the definition of U by adding a constant, the work equation does not change and hence the
energy is still constant (although it is a different constant).
We will take advantage of this feature in many ways.
It is called setting the potential reference level or potential zero level.
—> the zero level can be chosen arbitrarily so as to make the calculations as easy as possible.
We will see this in examples.
This is an example of a general property of physical systems called “gauge invariance” which is a
powerful principle in electromagnetism, quantum physics, particle physics, and general relativity.
So now we have discovered that two powerful theoretical ideas are found in classical mechanics, namely
spontaneous symmetry breaking and gauge invariance.

Potential Energy of a Uniform Force Field
For

F~ =

mgẑ

(z positive upwards) we found earlier that

so the gravitation potential energy is
Where have I chosen the zero level in this case?
Example using energy conservation
Project a mass m vertically upward with v(0) = v0, then

as we found earlier
For F~ = F0 n̂ (this is a constant force), we found earlier that

so that the potential energy of a constant force is

Does that agree with the last example?

Potential Energy of an Inverse Square Force
For the force
we found earlier that

so the general gravitational potential energy is
Where have I chosen the zero level?
Potential Energy of a Spring
For the force F = −kx, we found earlier that

so the spring potential energy is

Where have I chosen the zero level?

Relationship between the Potential Energy and the Force
For conservative forces we have defined the potential energy by the relation

where integral is over any path between a and b.
In many systems it is easier to figure out the potential energy than the force and hence it would be useful
to have a relation that goes the other way
.... if we are given the potential energy, then we can calculate the force .....
We can see what happens by looking at a 1-dimensional system, such as a mass on a spring and then
generalize to 3-dimensions.
Let force be F(x). We then have
Now consider the case where xa =x and xb =x+∆ x.

We then get

If ∆x is very small, then we can assume that F (x) is constant over the range of integration and we get

If we take the limit ∆x → 0, then we have
This result holds whenever the potential is a function of only one variable.
Examples
Uniform gravitational field

Constant force

Spring force
Inverse square force

A rather amazing result!!
Earlier we found that whenever the potential is a function of only one variable, we have

Let us expand a bit on our earlier discussion of generalizing this result to more dimensions.

Now consider conservative force given by
We can show that this is a conservative force by direct integration (path independence).
In this case, we evaluate the path-dependent work integral over a closed path, that is,
consider the integral from (0,0) to (1,1) along the path labelled 1
and back from (1,1) to (0,0) along the path labelled 2
(we are going along the path opposite to the arrow in this case) as shown in figure.
This is a closed loop integration - start point = end point (indicated by a circle on the integration symbol.
For the conservative force

above, we find

symbol —> closed loop integral

——>

i.e., the integral is path-independent (equal and opposite in sign along the two paths) and thus the integral
around the closed path is zero.
This is a general result for conservative forces.
Now for the nonconservative force F~ = xy î + y 2 ĵ that we discussed earlier we find this integral is

It is not zero!

This is characteristic of path-dependent or nonconservative forces.
If you study Next-Level Calculus or Electricity and Magnetism you will derive this general result and, in
addition, derive the following more general results.

partial derivative

We start from result
which generalizes to
(3-dimensions)

Short Digression on Partial Derivatives and Other Advanced Math
Suppose we have a function f(x,y,z).
Then the partial derivative of f with respect to x is defined by

and similarly for y and z. We then define
“del” operator

so that we have

If, instead we have a vector function such as

As you try to learn more physics, one
must constantly be expanding the
language of physics (mathematics) that
we are using.

then we can define
and

For a conservative force F⃗ , ∇ × F⃗ = 0 (everywhere).

Here, just assume definitions; derivations in later classes

For our example forces above we have
and

Summarizing, the rule
generalizes to

For the conservative force above, this gives
It works!
We also get a general condition for a force to be conservative, namely,

Non-conservative Forces
Nonconservative forces like friction play important parts in the motion of many physical systems and
cannot be neglected when we talk about energy.
Let see how we must modify the work-energy relation in this case.
If both conservative and nonconservative forces are present then we have
Work-energy theorem is true for all types of forces, so we have

This finally gives

Example - Block sliding down a rough inclined plane
A block of mass m slides down plane as shown in figure.
How fast is it moving after falling a vertical distance h?
It starts from rest.
Define the zero level of gravitational potential energy at its final position. Thus,

Nonconservative force is f = μN = μmg cos θ (a constant).
Thus, the nonconservative work is
nc
Wba
=

Z

b
a

F~ nc · d~r =

since frictional force is opposite to displacement s .

v=

p

2gh(1

f

Z

b

ds =

fs

a

We then have

µ cot ✓)

The General Law of Energy Conservation
Basic forces in nature, gravity and electromagnetism are all conservative.
Where do nonconservative forces come from?
To understand this seeming paradox, we must broaden the concept of energy
beyond just the kinetic and potential energies.

When block slides down inclined plane, mechanical energy K + U is lost...
final mechanical energy is less than initial mechanical energy by an amount
= to nonconservative work.
Observe, however, that during this motion plane(and block) get hotter, their temperature rises.
Net mechanical energy lost = amount of energy (called heat) that is necessary to raise temperature(s).
Heat energy is actually mechanical energy of atoms in bodies.
As block slides down plane it causes(electromagnetic forces) atoms in surface of plane
to vibrate around their equilibrium positions such that their average speed increases
... this increase in average speed is what we call a temperature rise
and the increase in mechanical energy needed to cause it is called heat.
If redefine total energy to include mechanical energy and heat (lost or gained) then once again total
energy is conserved.
In fact, if one takes into account all forms of energy, then conservation law for total energy is exact.
Stability
The result
is also useful for understanding the stability of a system.
If net force on body = 0, body is in translational equilibrium, that is, if body at rest, it will remain at rest.

There are two kinds of equilibrium, however, namely stable and unstable.
In stable equilibrium, if a body is displaced slightly from the equilibrium configuration,
then it will always return to the equilibrium configuration,
whereas, in unstable equilibrium it will not.
To see what is happening consider a system that we know has an equilibrium configuration, namely, a
mass on a spring.
In this case the potential energy is
If we plot this potential energy function it looks like figure
At point c (x = 0), F(x) =

dU
= 0 or the force = 0. This is an equilibrium point.
dx

Is it stable or unstable?
Writing a vector equation we have
Therefore, in region a (x > 0) where F(x) =
towards x = 0.
In region b (x < 0), F(x) =

dU
dx

dU
dx

< 0, force points back (in negative x-direction)

> 0 or force points back (in positive x-direction) towards x = 0.

Thus, if we displace mass from equilibrium position, it will always return to equilibrium position and
hence this is a stable equilibrium position.

Can we generalize this result?
If we are at equilibrium then
That means that U(x) curve can look like one of following cases shown in figure

where

Consider a pendulum as shown in figure
In this case potential energy is given (where is reference level) by

which looks like figure

It is clear that θ = 0, π are equilibrium points since

but they are very different in nature.
θ = 0 is a stable equilibrium point since

while θ = π is an unstable equilibrium point since

So we can summarize our required equilibrium/stability criteria as

A Complicated Example - The Teeter Toy
Teeter toy is shown in figure
It is an extremely stable device!
Let us look at its stability during rocking motion.
Suppose the teeter toy is tipped at angle θ as shown in figure below.

Let gravitational potential energy be = 0 at pivot (remember it
is arbitrary).
Potential energy(massless center piece) is then
U (✓) = mg(h cos ✓

L cos (↵ + ✓)) + mg(h cos ✓

L cos (↵

which becomes
using

cos (↵ ± ✓) = cos ↵ cos ✓ ± sin ↵ sin ✓

Equilibrium occurs when

The solution, of course, is θ = 0. What about stability?

This must be greater than zero at equilibrium (θ = 0) for stability, which requires that

This means that in order for the toy to be stable, the weights must be below the pivot point.

✓))

